Cosmology
Lecture 8

Thermal history: equilibrium and decoupling

Tirthankar Roy Choudhury
National Centre for Radio Astrophysics
Tata Institute of Fundamental Research

Pune

IN
h 4

NCRATIFR



N

N

NCRATIFR

Thermal equilibrium

» We have already seen that the momentum || oc ™', hence at early epochs, all particles will be
ultra-relativistic (almost massless). More massive particles would become non-relativistic earlier.

» The temperature of the relativistic species T o< a~*, so the universe would be hotter at early times (hence the name
hot Big Bang).

» If the particles interact among themselves, they can establish thermal equilibrium.

» Thermal equilibrium is established provided

1. there is efficient energy and momentum exchange between the particles during scattering (kinetic equilibrium),
2. there is efficient creation and destruction of particles during the interaction (chemical equilibrium).

v

For example, when the temperature of radiation was higher than electron mass kgT > m. =~ 0.511 MeV, we expect

electrons and positrons to be produced by pair production and they annihilate to produce photons v <— e~ + ™.

Photons would couple to (non-relativistic) e* via Thomson scattering as well et + v et 4.
These interactions would establish equilibrium between v, e™, e™.

There could also be (neutral current) weak interactions (mediated by Z-bosons) of the type e~ + ™ «— v, + De.
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Consequently, these interactions could establish a thermal equilibrium among these particles. The universe will be
filled with a hot plasma consisting of v, e, e*, v, 7, all in thermal equilibrium at the same temperature.

v

Such arguments can be extended to all particles in the standard model of particle physics. If some particles do not
interact with others, they may not be in thermal equilibrium.
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Detailed balance ﬂz
» In absence of any interactions, the number density of particles of a species A evolves as na o< a2 (effect neRR-TIER

of volume dilution), which can be written as a conservation equation

The presence of interactions would introduce additional terms on the right hand side.
» Let us for the moment limit ourselves to processes of the form A + B «<— L + M, which represent two-particle
scattering or annihilation.
» The evolution of species A is given by
ha = —3Hna — anang + Bninum.
» The parameter a = {ov) is the thermally averaged cross section for the interaction between A and B. The parameter
is the same quantity for the reverse interaction.

» It can be related to a by demanding that in equilibrium an(o)n,(go) + ﬂn(o) ,E,?) = 0, where the densities with
superscript (0) denote the equilibrium values. Hence
4 nOn)
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This is known as the principle of detailed balance which is useful for relating forward and backward reaction rates.



Comoving densities
» Hence the evolution equation becomes NoRa - TIFR

: (0) (0)
n, n n nn
A 4 3H=—(oV)ns |1 — ?0) '(50) LM
N n; ' ny, nang

» The interaction rate for A is simply
s = (oV)ns.

» Let us define the comoving number densities, e.g., no 4 = naa’, then

iLA _ dInna _ dIn ng 4 _Sdlna _ no, A —3H,
na dt dt dt no,A
hence
. (0) _(0)
no,A Ny aNg g no,LNo,m
=-Ts|1- = —.
no,A 802 n(o) nop,ANo,B
» We can write in terms of a as the independent variable
dln no,A _ dlnnoﬂAl _ noA 1 — hO,A _ dln no,A
da dt a noa a aH no,A dlna

» So the evolution of ng 4 is given by

0
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Decoupling and freeze out N7

> N
(0) (0)
dlnnga  Ta Ny ANo B No,LNo,m
dlna =~ H (0) .(0) g An
ng gy 10,4108

The number of interactions the particle species encounter over the age of the universe will be ~ I'4/H. So the
evolution is determined by the number of interactions ~ I'4/H and the departure from equilibrium.

» When I'4 > H, the system will naturally lead towards equilibrium. For example, if ng 4 < n(()(,); (and for simplicity
assume all the other species have their equilibrium value), then the right hand side will be positive. Thus ng 4 will
increase rapidly because the interaction term is large. In case ng 4 > né?/l, the density will decrease rapidly. The

system will thus rapidly relax to a state where the abundances have their equilibrium values.

» Since the density of particles decreases because of expansion, it is expected that I'4 will decrease as the universe
expands.

» Although H also decreases with time, the decrease in I'4 is typically faster. We then expect the condition I'4 > H to
change over to the condition I'4 < H as the Universe evolves. In such a situation, a reaction which was initially able
to remain in equilibrium eventually falls out of equilibrium.

> At this point, the particle species A is said to have decoupled from the equilibrium.

» When 'y < H, the right hand side is negligible and the ng 4 — constant (hence na o< a~3), which is the equilibrium
density at the epoch of decoupling. This is the freeze-out value of the species.



Major milestones of the hot Big Bang
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Event t(approx)  z(approx) T (approx)  Description

Inflation 10 3%s? — 00 10'° GeV?  perturbations generated

Baryogenesis ? ? ?  explain the observed baryon density through
some mechanism without assuming any initial
asymmetry in matter and antimatter.

EW phase transition 10 s 10" 100 GeV electroweak force “breaks” into weak and electromagnetic

QCD phase transition 10 °s 1012 100 MeV  quarks & gluons bind into protons & neutrons

Dark matter freeze-out ? ? ?  dark matter particles decouple

Neutrino decoupling 1s 10°° 1 MeV  neutrinos decouple

Electron-positron annihilation 10s 10° 0.5 MeV  e™ annihilate into photons

Big Bang nucleosynthesis 3m 10 100 keV  nuclei of light elements form

Matter-radiation equality 6 x 107y 3500 levV

Recombination 4x10°y 1100 0.2 eV neutral hydrogen atoms form

Photon decoupling 4% 10°y 1100 0.2eV  photons decouple from matter, CMB originates

Formation of first stars 10%y 15 5meV first galaxies form

Dark energy-matter equality 1077y 0.4 0.3 meV

Present 1.4 x 100y 0 0.2 meV
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Equilibrium distribution function N

P Since at early times, different species were in thermal equilibrium, we can describe the state using phase NGRASTIER
space distribution function (the number of particles per unit volume per unit momentum volume) fa(X, p, t).

» If the universe is homogeneous, then fa(X, B, t) = fa(p, t). Further, isotropy implies fa(p, t) = fa(p, ).

» For a species A in thermal equilibrium, the phase space distribution is given by

g 1
falp, ) = (27R)3 elE(P)—pal/ksTa(t) £ 1°

. 8a is the spin-degeneracy factor for the species (it is 1 for neutrinos, 2 for photons and charged leptons and 6 for quarks),
. fua is the chemical potential,

E(p) = \/p? + m3,

. Ta(t) is the temperature characterizing the species and
the upper sign corresponds to fermions and the lower one to bosons.
> Some important macroscopic/thermodynamic quantities are:

oo oo dEE\/E? —m3
- The number density: nya = /dSPfA(p) = 471'/ dp p2 falp) = & A
0

2m2h3 my e(E—11A)/kpTp + 1'

G W N

. o0 oo dEE*\/E2 — m?
B o 3 _ 2 > > _ & A
The energy density: py = / d”p Efa(p) = 4m /0 dpp” \/p? + m3 fa(p) = 3m2pB o R

- The pressure is given by kinetic theory as P= n(pv)/3 = n{p p/E)/3 = n(p?/E) /3. Hence

g 4 o 2 2\3/2
p dE(E® — m
Pa —/d p*fA(p /0 dp falp) = =2 ( A)
3

. /p2 +m? 6m2h3 e(E—hna)/kgTa + 1°

mA
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(Ultra-)relativistic limit N7

P In the relativistic limit ks Ta > ma. Also, in the early universe, ksTa > 114 (we will argue later). NCRA - TIER
» Then

ny =

g oo dEEL/E2 —m3 & /oo dEE? & (ks 373 o dyy?
2m2R3 o A o

228 J,, A /kTa £1 cE/keTa £1 212 \ UK o1

. . 1 oo —1
» For bosons, use the Riemann-zeta function ¢(n) = ) d’;’ﬂ -
n) Jo ey —

. oo dy 1 o dy 1 oo dy !
» For fermions, use W W 2 v 1-— '(n)¢(n).
Jo e+1 o e—1 o e¥—1 2n—1
»
3) (ke\® .
A= 4752) (%) gATj for bosons,
3¢(3) [ks\?
=7 C7(r2) (EB) gATf\ for fermions.
»
2 /4
pa = % <E% gATﬁ for bosons,
72 [
— g% <ﬁ%> gATﬁ for fermions.
»
1
Py = 3P4 for bosons and fermions.
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Non-relativistic limit ﬁz
» For non-relativistic particles kgTa << ma NoRA<TIFR

Y o N/t W S Py e PRI
2R3 - e(E—na)/ksTa -1 — 923 ma A

00 3/2
— 5 g;ﬁs mf‘ eﬂA/kBTA/ dxxv/x2 —1 e—XmA/kBTA A ga (;A;(S) TZ/Q e(HA_mA)/kBTA.
e 1 Y

» The density is given by

3
PA = namy + gnAkBTA-
» The pressure is
PA = nAkg TA.
» Imagine two species ‘NR’ and ‘R’ at the same temperature T (e.g., non-relativistic electrons interacting with photons
via Compton scattering), then note that
3/2 3 -1 3/2

NR anR mNngT e(HNR—mNR) /KB T o fB,FC(i;)) &ggkﬁ ~ [ TNR e NR/kgT

ng 2mh ™ h ks T
» Note that we have mng > kgT. Thus the number (and energy) density of non-relativistic particles is exponentially

damped by the factor e ~™r/%T with respect to the relativistic particles.
» When a species becomes non-relativistic, the pair production cannot occur. However, the existing pairs can

annihilate, thus reducing the number of particles.
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Evolution after decoupling /\

>

>
>

» Now, since they do not interact at a > ap, we must have f4(a, p) =

N

Consider a species A which decouples from the rest of the matter at a = ap. Subsequently, the species NGRASTIER
would not interact with itself or any other species, hence the corresponding particles will have momenta p oc a™ .
So the phase space distribution at a > ap would be fa(a, p) = fa(ap, pa/ap).

& 1
(2mh)3 ep/ks™o £+ 1°

84 1
(27h)3 epa/avksTo 4- 1"

The distribution of a relativistic species (with E, p > m) at a = ap is fa(ap, p) ~

» Thus the phase space distribution will retain the equilibrium form with Tp substituted by Ta = apTp/a, as long as the

particles remain relativistic, which ensures that Ty scale as al.

Note that if the particle A is non-relativistic at the time of decoupling (E & ma + p®/2ma), assuming p1a < ks Tp,
__& 1 ~ & —ma/keTp ,—p? /2makgTp
falav, p) = (27h)3 e(ma—wa)/ksTo ep?/(2maksTp) (27‘rﬁ)3e € ’
The distribution at a later time is simply given by
— 8A —mu/kgTp 7p2a2/2mAkBTDa%

which has the Maxwell-Boltzmann form with temperature T4 = TD(aD/a)2, thus T4 o< a” 2.

In case pa cannot be ignored, one can find the evolution of p4 from entropy conservation (discussed later).

In case the species is neither ultra-relativistic nor non-relativistic, the distribution function would not retain the
equilibrium form in absence of interactions and cannot be described by a simple evolution of temperature.
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Relativistic degrees of freedom g
» In the early universe, the total p is dominated by the relativistic species (both thermal and decoupled). NCRASTIER
» For the thermal part, all the species have the same temperature T, so we can write

w2 (K 72 (kg w2 (ks 7
PR,th = Z 30 \ 73 gT + Z 330 \ 5 gFflE% = BT Gown = Z gs+§ Z &F-

BEbosons Fe&fermions BEbosons Fefermions
The decoupled species may have temperatures different from T, hence we write

w2 (ks 72 [k
B R A T (K g
PR 2 3 (53)&3” 2. 3®m W)

B€Ebosons Fe&fermions
In this case too, we write

71'2 k4 TB 4 7 TF 4
PR,dec = % (?2) g*,dec(T)#y g*,dec(T) = Z gB (7) + g Z gF (7) .

B&bosons Fefermions

The effective number of relativistic degrees of freedom is defined as

2 k4
8:(T) = geyth + B dec(T) = p=pr = ;Lo <ﬁ—§) g(NT".

As T decreases, various species become non-relativistic and their contribution is removed from g, hence g, decreases
with time. For kgT >> 175GeV, all standard model particles are relativistic (and in equilibrium), g. = 106.75. At
present, only photons and neutrinos (if massless) are relativistic, g« = 3.36 (to be shown later).



Entropy of the universe
» Consider the formula for entropy from the second law of thermodynamics NGRASTIER
TdS=dE+ PdV=d(pV) + PV = Vdp + (p + P)dV.
» Treating Sto be function of T, V, and p = p(T), P= P(T), we get the relations
05 _vdp 05 _p+p
oT TdT oV T
> Now use the integrability condition 8*S/0TOV = §2S/OVIT to obtain
P p+P
T
» Inserting this in the second law, we get

rds = dl(p+ PV~ VdP=dl(p+ AV — (o + AV = Td [@;TP)V} ,

» So upto an additive constant, the entropy can be defined as

S— (p+ PV

which corresponds to a density



Entropy of relativistic species N\
» For a species, the entropy density is NeRa <TiER
_ pat Pa
==

Clearly, the entropy for non-relativistic species will be exponentially suppressed.
» For a relativistic species

SA

2 /4
s4 = g% — 24% <%) Ty for bosons,
A
2 /4
— 524% (%) s for fermions.

» Similar to p, we write the total entropy density (essentially contributed by relativistic species) as

o2 [k
( )g*s(DTB, &xs(T) = Zusith + 8us,dec(T),

S = SR =

45 \ B

Bxs,th = Z g3+g Z 8F = 8« th,

BEbosons Fefermions

Besaee(T) = D> g (Tﬁ)s*-; > gf<77_f>3.

Bebosons Fefermions

» The quantity g.s(7) is the effective number of relativistic degrees of freedom in entropy.
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Conservation of entropy {5
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» From Friedmann equations, we have
d(pa’) = —Pd(a’) = d(prd’) = —Ped(a’),

Note that the above may not hold for individual species if they are exchanging energy with others.
» Now, we also have
TdS = d(pV) + PdV = d(pa’) + Pd(a*) = 0.
Hence the entropy S = Sz = sgd’ is conserved.
» One important consequence of the entropy conservation can be understood from the fact that
sea® = (2r%/45) (ki/B) gos T°a®, and hence Toc a ' g.¢/>.

> As long as g.s remains constant, the temperature will decrease as T oc a™ ' as expected.

v

Whenever a species becomes non-relativistic, g.s decreases, hence the combination T X a increases.

» In that case, conservation of entropy would imply that T will decrease slower than a~* during the period when the
species becomes non-relativistic. During this period, the entropy of the species becoming non-relativistic gets
transferred to the rest of the relativistic particles. Once the species has become completely non-relativistic, it will no
longer contribute to g.s, and T will again keep on decreasing as a™ *.

» Thus Tscales as a ', except that there is a change in the amplitude of the scaling every time g..s changes.
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Hubble expansion

» The expansion of the universe is given by (ignoring the curvature)

-2
Hg(t) _ i _ 8rG

&G w2 [ ki 4n® [ Gky e
_8G, (K _dn’ (GG o A G\ o
2 3 RT3 80 <h3) 5\ )T = 5 e )&kl

» As long as g. does not change, we get T oc a~ ' and we obtain the standard result a o /2. In that case H? = 1/4£.

» In early radiation dominated epoch (kg T 2 100 GeV), g. is fairly constant, hence we get

45 \V? /1 ¢ \7V? e L 6 1o ksT -2
=~ (1om) () &V ~2axwt gt (E0)

» In general, we use T a_lg*_sl/3 to write H* o< pg o (g*/gfé*%) a*. This can be solved to obtain the expansion rate.



Baryon asymmetry
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Consider a relativistic fermion particle A and its antiparticle A in equilibrium with photons A + A «— ~ (pair
production and annihilation).

Since the photon number is not conserved in thermodynamic systems, we must have pty = 0. Then the above
equilibrium state implies pz = —pa.
For the relativistic cases, we have

ga /°° dEE/E —m3 g /°° dE P £ /°° dE F*
0 0

- 2m2hK3 ; e(E=na)/keTa 11 7~ or2p3 e(E—pa)/ksTa 4 1’ AR 22 e(E+pra)/kgTa 4 1°

na na

One can show that (for kgTx > ma)

3
o BA 3.2 HA HA
M= MAN o %8 (ks Ta) |:7T <kBTA) + <kBTA) ] .

This should hold for species like protons and electrons.
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» Now, the baryons in the universe are mostly hydrogen, whose mass is contributed by protons. NCRASTIER
In that case, we can assume that the net number of baryons would be the difference between protons and
anti-protons at the early epochs (when protons were relativistic). Hence

3
~ & 3| 2 M 1z
M= e =y N g (k1) [“ <I<T>+(/<T>]

» Now, we know that at the present epoch

Chemical potential

3
npo = L2 = PS040 1075 cm B0y ok, 1y = SO (@) 273 = 4.13 x 10° em 2.
T

2
m, mp h

» Using Qs 0h? ~ 0.02, we get ny0/n,0 ~ 5 x 1071,
This ratio should remain the same (at least to within order of magnitude) at early epochs as well.

v

» Now, if the protons, anti-protons and photons were in equilibrium at the same temperature T, then we have

3
2;3 gp 71—2 & Jr &
vt () (8) ]

» Since this is a quantity ~ 1070, we expect 1,/ ks T ~ 107°. Thus, for all calculations, we can take 1, — 0.
» The same argument holds for other particles, e.g., electrons as well. For example, we can use charge neutrality to
argue that n,—- — n+ = Nyt — N, = np, and the same conclusion can be reached for electrons.




