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• The deadline for the submission of the solutions of this assignment will be strictly enforced. No marks will be given if
the assignment is not returned in time.

• You are free to discuss the solutions with friends, seniors and consult any books.

• Let me know if you find anything to be unclear or if you think that something is wrong in any of the questions.

1. The vorticity equation:

(i) Show that the Euler equation can be written as

∂~V

∂t
++

1

2
~∇V 2 − ~V × ~Ω = −

1

ρ
~∇P + ~g,

where Ω = ~∇× ~V is the vorticity.

(ii) Show, from the above equation, that the vorticity evolves as (assuming the external force ~g to be conservative)

∂~Ω

∂t
= ~∇× (~V × ~Ω) +

1

ρ2
~∇ρ× ~∇P.

(iii) For an incompressible fluid, the density ρ does not change. Show that such a fluid obeys the equations

~∇ · ~V = 0,

∂~Ω

∂t
= ~∇× (~V × ~Ω).

[1+3+2]

2. Isothermal accretion:

(i) Show that the equations governing the spherical accretion for the isothermal case can be written in dimensionless
form as
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where
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and λ is a constant.

(ii) Manipulate these equations to give
(
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(iii) Show that the sonic transition occurs when λ has a critical value λc = e3/2/4 ≈ 1.12.
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3. Analytical solutions of the Lane-Emden equation: Solve the Lane-Emden equation
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for n = 0 and n = 1. Find the form of θ(ξ) and the value of ξ1 (defined so that θ(ξ1) = 0) in each case.
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4. Mean molecular weight: Suppose a gas is completely ionized (as is expected within stellar interiors with very high
temperatures) and consists of hydrogen (with mass fraction X), helium (with mass fraction Y ) and other heavier metals
(with mass fraction Z). Obviously X + Y + Z = 1. Show that the mean molecular weight in this case is
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.

You can assume that a heavier element with atomic number A has A neutrons and that A ≫ 1.

[5]


