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Van Cittert-Zernicke theorem

This relates the spatial coherence function, V(r,,r,) =
<E(r;)E*(r,)> to the intensity distribution of the
incoming radiation I(s). It shows that V(r;,r,) only
depends on r; - r, and if all the measurements are in a
plane,

V(r,r;) = F{I(s)}

Proof in “Principles of Optics” by Born and Wolf
(Chapter 10).
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Van Cittert-Zernicke theorem

* —ik[l(xo—x1)+m(y2—y1)+n(z1—2z1 dldm
(E(P)E*(P,)) = / (1 mpe syt ene-an)
u=(x2—x1)/A
v=(y2—y1)/A
w= (22— 2z1)/A
' dld
V(uj V. W) — /[(/} m)e—r2w[lu+mv+nwl m
V1—12—m?

Looks like a Fourier transform.

Spatial correlation of the electric field is related to the source brightness
distribution.



Treated electric field like a scalar (was implicit when we used
Huygen’s principle).

Sources are far away (assume emission confined to “celestial
sphere”).

Celestial sphere is empty.

Radiation from astronomical sources is spatially incoherent.




Special cases

Observations are confined to the u-v plane, w = O:
[(], m)
V1—12—m?

e—i27T[lu—|—mv] dldm

V(u,v) =

Source brightness is limited to a small region of the sky -
n=+v1—0P—-—m2~1

V(u, v, w)=e "™ / [(1. m)e= 2 tmv]ddm



Van Cittert-Zernicke theorem

P (x,"y,z,")
\

According to van Cittert-Zernicke .
theorem: the source brightness - PS(x,)y, "z,

distribution can be derived if one can e,
measure the mutual coherence function
of the electric fields.

What is the dimension of the mutual Po(X2Y22,) | P.(X.,,Y.,Z.)
. ® 1YV 1711
coherence function ? . Observation
point
. dld
V(u,v,w) = [I(lj m)e~2rllutmynw] 7
V1—12—m?
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A two element interferometer

Assume the radiation emitted
by the source is
monochromatic having a
frequency v

Add or Multiply




A two element interferometer

Assume the radiation emitted
by the source is
monochromatic having a

frequency v N
| S
o
The plane wave travels e
an extra distance to reach v o
the second element - this b g
Vz(t) Vl(t)

is the geometric delay,

Add or Multiply

T, = b sin(0)/c

Neglect
instrumental delay
for the moment



A two element interferometer

Assume the radiation emitted

by the source is

monochromatic having a | .
frequency v N :

The plane wave travels L
an extra distance to reach a2
the second element - this v (0 b .
is the geometric delay,

T, = b sin(0)/c

Add or Multiply

The voltages at the two points:

vi(t) = cos(2mrt)  and Vo(t) = cos(2mv(t — 7))



A two element interferometer: adding

[vi(t) + va(£)]* = [cos(2mvt) + cos(2mu(t — 7,))]°

Squaring and then reducing the RHS using trigonometric identities and
averaging:

([va(t) + wo(t)]?) = 1 + cos(2mvT)

=1+ Cos(27r§sin(t9))

The offset term : have to detect over and above the offset term that

is dominated by noise that also varies and makes detection of
sources difficult.

We will discuss multiplying interferometers henceforth.



A two element interferometer:

multiplying

Assuming averaging time is much longer than 1/v

| [t+T/2
r(ry) = T/ cos(2mvt) cos(2mv(t — 71,))dt
t—T/2 Work out
the
T algebra
= — (cos(dmvt =2mvTy) + cos(2mvT,))dt
T Ji—r)2
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t+T/2

1
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T algebra
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Averages out to zero



A two element interferometer:

multiplying

Assuming averaging time is much longer than 1/v

t+T/2
r(ry) = —/ cos(2mvt) cos(2mv(t — 71,))dt
t—T/2 Work out
the
T algebra
= — (cos(4dmvt -2mvTy) + cos(2mvT,))dt

T t—T/2 \

= cos(2mvTy,) Averages out to zero

cos(4mvt)



A two element interferometer:

multiplying

T, = b sin(0)/c

The theta changes with
source rise and set.

: Q.
Assuming exactly east-west 3 S
baseline vector, and source s
at declination 0 deg, 6 7
v,(0) v,(0)
0 =Qpt
Multiply

—

Qg angular frequency of Earth’s rotation

= 7.29 x 10 rad/s How many “/s is that ?



A two element interferometer:

multiplying

T, = b sin(0)/c

The theta changes with
source rise and set.

: Q.

Assuming exactly east-west S

baseline vector, and source s

at declination 0 deg, 8

0 b o "
Vv, Vi
0 =Qpt
Multiply
r(7y) = cos(2mvT,)




A two element interferometer:

multiplying

T, = b sin(0)/c

The theta changes with
source rise and set.

Assuming exactly east-west S

baseline vector, and source s

at declination 0 deg, qe/'/

b
v v,(0
0=0Ogt
Multiply
r(7q) = cos(2mv7,)
r(1y) = cos(2mv x b/c x sin(Qg(t—t.))) t, is the time when the

source is at the zenith.

I



A two element interferometer:

multiplying

T, = b sin(0)/c

The theta changes with
source rise and set.

. Q.
Assuming exactly east-west S
baseline vector, and source s
at declination 0 deg, 8
0 b Lt "
Vv, Vi
0 =Qpt
Multiply

r(1y) = cos(2nv x b/e x sin(Qp(t—t,)))

r(Tg) s called the fringe.
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will peak can be

”n

“fringe frequency

time

If the RA is known the time when the

“n
oy
|
N
€3
-
~—
=
. —
o
X
o
—
=
X
~
b=
[
n
o
o
|
&
—
—

predicted. Thus between measured fringe frequency peak and that expected

one can accurately find the position of the source.
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For a point source the fringe amplitude will remain the same. But if extended then the
fringe amplitude will decrease due to waves arriving at a slightly different path

differences from different parts of the source. For a very large source the fringe

resolved out”.

i“"

amplitude will be zero: source is



ST TR B (1) = cos(2nv x b/e x sin(Qp(t —t.)))

Sources smaller than the fringe spacings will all appear as point sources.
When the source size is such that the waves from different parts of the
source give rise to the same phase lags, then the source will appear as a
point source.

When the source size is such that the waves coming from different parts of
the source give rise to the same phase lags (within a factor smaller than ),
then the source will appear as a point source.




ST TR B (1) = cos(2nv x b/e x sin(Qp(t —t.)))

Sources smaller than the fringe spacings will all appear as point sources.
When the source size is such that the waves from different parts of the
source give rise to the same phase lags, then the source will appear as a

point source.

The minimum source size that can be resolved by the interferometer:
tvAfb/c S o — A < A/b
The resolution of a two element interferometer with baseline

length bis ~ A/b

Larger the b, higher will be the resolution.




Power patterns

A uniformly illuminated
aperture of diameter D

A two element
multiplying
interferometer each
element of diameter d

and spacing D where b)
d<<D

Spacing of 2D Ot




Power patterns

A uniformly illuminated
aperture of diameter D
a)
A two element i . N
NOHTE: | multiplying
Collecting interferometer each !
area smaller o ament of diameter d
aperture d<<D
VAAANANAANARNAANR ]
Spacing of 2D Ot
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A two element interferometer

One can infer the source position and
size with a two element interferometer.

If we make measurements by varying N
the baseline length and orientations one e

will get different constraints on the -
source size and source brightness. o

Using van Cittert Zernike theorem one

can then infer the correct source

Multiply

brightness distribution on the sky.




Quasi-mono-chromatic waves

In reality we have waves coming from a band Av around v.

Radiation if at one frequency arrives in phase, at an adjacent frequency
it will be out of phase and for a large enough separation in frequencies,
they may be 180 deg out of phase. Thus averaging all these together will
decrease the amplitude of the fringe.

1 [t
r(ty) = E/ N cos(2muTy )dy
V=5

v+
/ EEQ?THTQ dI/
-3

sin(wAyTg)]

TAvT,

1
— —Re
Av ‘

= cos(2mrTy) [




Quasi-mono-chromatic waves

In reality we have waves coming from a band Av around v.

Radiation if at one frequency arrives in phase, at an adjacent frequency
it will be out of phase and for a large enough separation in frequencies,
they may be 180 deg out of phase. Thus averaging all these together will
decrease the amplitude of the fringe.

1 2
r(tg) = E[ N cos(2mrTy)dr
V=5

A
1 vt
_ —RE f Etz?TFTg dL"]
Av [ y—Av

Sinc function here decreases

sin(mAvT,) rapidly as the bandwidth
= cos(27mrTy) increases. Termed as “fringe
TArTg washing”.

Need a way to average over large bandwidths without losing the fringe

amplitude.




Extended source

Consider a source at s, with some
small extent. Any point on the

source can be written as . do
s=s,+0 S0

Sy O = 0

T, = So:b




Extended source

Consider a source at s, with some

small extent. Any point on the

source can be written as a0
s=s,+0 S0

S,-0 =0

T, = So:b

From van Cittert

Zernike theorem:

r(ty) = Re [/ I(S)eﬂ;m‘bdsl s.b=s.b+o.b




Extended source

Consider a source at s, with some
small extent. Any point on the

source can be written as . )
s=5,+0 5
S,-0 =0
T,= S,-D
From van Cittert
Zernike theorem:
I —i2mws.b
r(ty) = Re / I(s)e™ = ds] s.b=s.b+o.b

= Re ew/.f(s)eﬂ;mbdsl




Extended source

Consider a source at s, with some
small extent. Any point on the

source can be written as . do
s=s,+0 S0

Sy O = 0

T, = So:b

From van Cittert
Zernike theorem:

r(ty) = Re /I(S)eizflbds] s.b=s.b+o.b

_ Re e—iﬂ?;sﬂ.b /I(S)E—izira'.b dS]

= |V|cos(2nvT, + Py) where Y = |V]e PV




Extended source

Consider a source at s, with some
small extent. Any point on the

source can be written as - dQ
s=s,+0 %
Sy O = 0
T, = So:b
(1) = V| cos(2mvT, + Py) where Y = ‘V‘g_iq)v

/

Only contains the variation of the fringe as a function of earth’s rotation or

source rise-set. If an equal delay is introduced in the signals’ path we will

have:

r(tq) = |V|cos(®y) This instrumental delay has to change
continuously as T, changes: delay tracking



Extended source

Consider a source at s, with some
small extent. Any point on the

source can be written as - dQ
s=s,+0 %
Sy O = 0
T, = So:b
(1) = V| cos(2mvTy + Py) where Y = |V‘g_i‘1”'~’

/

Only contains the variation of the fringe as a function of earth’s rotation or
source rise-set. If an equal delay is introduced in the signals’ path we will
have:

'r(Tg) _ \V\ cos(é[)p) While T, isin RF the delay tracking is in baseband
and thus needs to be properly accounted.



Two element interferometer in practice

Q.

: N

oy

e

b g
Vz(t) Vl(t)
VRE Vip Vip




Delay tracking and fringe stopping

VLO = VRF — VBB Ti = Tg+ AT

r(ty) = |V (cos(Py + 2mrppt — QWVRFTQ) cos(2mvpp(t —7;) + q)f))
= [Vlcos(®y + 2n(vrr — vBB)Ty — VBBAT — Oj)

= |V|cos(®y + 2nvpo7, —vBBAT — ®y)

¢ = 2nv1,07,
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