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» Till now, we have studying the properties of the FLRW metric without solving for the dynamics. NeRA TIER
The Einstein equation would determine the dependence of the expansion on the components of the universe.

The Einstein tensor

» Let us use the form of the metric as

dr

2 2 2
= — R
ds” =dt () T2

+ 2(d6? +sin”® 0 d¢?) | .

We will use ¢ = 1 again and put back factors of ¢ when needed.
» The components of Einstein tensor are

Gl =g"Goo =3 k;2k2

G = g Gy = %
G = §2Gyn — k+ k;:r 2RR
G = g% Gas = %

P Also recall that the stress-energy tensor is (using ¢ = 1)

Tij = dlag(p7 _'D7 _P7 _P)



Friedmann equations
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» The % component of Einstein equation Gij =87G TZ turns out to be

§+i_&c
RZ R 3
» The %, component gives
Rk R

which, when combined with the previous equation, becomes

R A7G
= 3P).
R 3@+ )

» We find that the acceleration is produced, not by the energy density alone, but by the combination p + 3P.
» The above differential equations are called Friedmann equations.

» The two Friedmann equations can be combined to give the energy conservation equation

, R
P——3*R(P+P)~

This is a confirmation of the fact that the equations of motion are contained within the Einstein equation.
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Critical density and density parameter N
» If the universe is flat k = 0, then the expansion rate is related to the density by NeRALTIER
R>  8nG
H (D) = — = ——p(t).
(0= 1 = 2Cp(t)
» Thus, the flat universe has a very particular density, which called the critical density:

3H? (1)
(f) = .
pe(t) = -
» The value of p. at present is given by p.o = 3H3 /871G = 1.88 x 1072°h? gm cm ™ = 2.78 x 10" hP*MgMpc ™.
» A universe which is spatially closed (k = +1) will have

87G k 8tG
H (1) = TP(f) < Tﬂ(f) = p(t) > pc(t).
> A spatially open (k = —1) will have p(t) < pc(t).
» The density parameter is defined as

_ plt) _ 87Gp(Y)
Q t) = = Y5/
=00 = 30
The value at the present epoch is denoted by 2o or simply Q.
» Thus, a closed universe (k > 0) corresponds to ©2(f) > 1, while an open universe (k < 0) corresponds to £(t) < 1.

The Q(f) = 1 universe is spatially flat.
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The present value of the scale factor N
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The value of Ry = R(to) for k # 0 universe can be obtained by evaluating the first Friedmann equation at the present
epoch ty

k 3rG 2 Po 2 2 k
Hy+ — = ———po = H =HQ =Ry = 5
O 0T B (Qo — 1)
and hence
1 k
Ro = — .
T H V-1

We can define a parameter which is the “effective density of the curvature”:
Q) =1- Q).

The value of Ry becomes

1 [—k 1

ﬁo Qk.,O N HO\/IQ[(’(]'.

When k = 0, the value of Ry cannot be determined. However, it turns out that all the observables are independent of
R for the flat universe.

Ro =
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The normalized scale factor l\

» We can define a normalized scale factor NCRA-TIFR

so that its present value is unity.
» Note that H(t) = a/a.
» In terms of a, the metric becomes

_dr
1 — kr?

dr?

2 _ 42 2rnp2 2402 — 442 _ 2 2 192
ds” =dt a(t)Ro{ +rdﬂ} dt a(t){il_krm/RngrdQ,

where ' = Ror. For the other form
ds* = df — (RS [dx + S; (x)dQ?] = df — & (D) [dx® + R3Sk (X' /Ro)dQ?]

where X’ = Rox.

» It is interesting to note that Ry cancels out from the expressions only when k = 0, hence the value of Ry has no
relevance in the flat universe.

» All the expressions we have obtained so far can be re-written in terms of a(t). For example,

1
l+z=—.
T
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General solutions to the Friedmann equations N

» Consider a universe with various non-interacting components with equation of state P, = wq pa. nera - TiER
> Each of these components evolve as po, o< a~>(1F%) or

Pa(t) = Pa,0 0_3(1+Wa)~

» Then the first Friedmann equation gives
2 8nG
H(a): Zpa_R2a2

8mG —3(1+wq) k
Ty Lo T Ra&

3

k
= Ho Z a3<1+w@) R

» At the present epoch t = fy, a = 1, we get

k
i Hj <Z Qa0 — 1) = —HyQo, Uo=1- ZQa,o =1— Qo0
O « «

» The Hubble parameter is then given by
Qa,O Qk,()

2/ N 2
H™(a) = Ho B+ 2
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General solutions to the Friedmann equations (contd)
>

H?(a) = Z H;

B(+wa) a2
«@

Qoo Qk,o}

» In principle, this can be solved to obtain a(t) provided we know all the source components present in the Universe.

» Also, given H(a) or equivalently

I

H*(z) = H? [Z Qoo (14 2)°20F%) L 00 (14 2)°

[e3

we can calculate all observables like the distances etc.
> Note that curvature acts as a component having density parameter §x and equation of state wy = —1/3.

» The density parameter for any of the components 3 at any epoch a can be written as

) = 219 $Cte) sy e
pda) ~ B 3 (2, Smna 70 + Oyo/a)
Q,@,O a73(1+Wﬂ>

= ZQ Qa,0a73<1+w“) + Qk,o/aQ .
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Flat single-component universe N
» Consider the case where the universe is flat (k = 0) and is filled with only one kind of matter which has NeRA - TIER
an equation of state P = wp. This can happen, e.g., when one of the components dominates over all others.
» Then the density evolve as
p(t) = poa >,
Also Q(t) = 1 because k = 0.
» Then the solution can be obtained from

HA () = £ = H2a 20,

» For w > —1, this can be solved as

2/[3(1+w)]
a= Hoa (W2 g {3(1 +2W)Hot} 7
where the constant of integration can be fixed by choosing a = 0 at t = 0.
» For w= —1, we have a(f) o< e’
» For matter-dominated universe w = 0, and hence
a x t2/3,

and for radiation-dominated universe w = 1/3, and hence
1/2
ax t’".

» A flat matter-dominated universe is called Einstein-deSitter universe.
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Properties of the flat single-component universe with w > —1 N

» The age of the universe can be obtained in terms of the Hubble parameter as oA~ TiER
2 -1
t=——H (1).
31+ w) )

» The age of the universe can also be related to the density as

t:i2a3(l+W)/2 :i 2 (po)l/z_ 9 ( 3 >1/2 (po)l/Q
Ho 3(1+ w) Ho3(1+w) \ p 3(1+ w) \ 8wGpo p ’

which leads to

(=
PU= 60+ wence
Interestingly p oc 2, independent of w.
» The acceleration is given by
a 41 G H? P H3 —3(14w)
T =—-"""(14+3 =——(14+3w)—=——(14+3 .
2 3(+W)P 2(+W)p0 5 (1+3w)a

» The acceleration is negative for matter and radiation, the universe decelerates when filled with normal matter.

» The deceleration parameter is given by

. . 2 2
a a HO —3(14+w) 1 3(1+w) 1 + 3w
Hh=——F=—1—7—5=—(1+4+3 X — =—.
q(1) Py 5 ( w)a H%a 5

This is independent of tand is > 0 for w > —1/3. Thus the universe can accelerate only when w < —1/3.



Matter-dominated Universe
Nz
» The next simple solution is for a matter-dominated universe (w = 0), but with k # 0.
» Then 0 Q q 0
2 2 | $2o0 Ko | 2% , 1—%
H™ = Hp {F 7} = Hp {F_F 2 }

» Then, the equation to be solved will be
Ha 1 HoQ  HZQ
PR 0+Hng0 — g2 Moo Toitko

’ 2 2a 2

» This is like the energy equation for a particle moving in the r~2 gravitational field. The quantity H3Q4 /2 plays the
role of the total conserved energy.

» When Qo =1 — Qo > 0, the motion is unbounded. Hence the universe will expand forever when Qg < 1 (i.e., there
is not enough matter to halt the expansion).

» The opposite will happen for Qo > 1 where it will expand followed by a contraction phase. Too much matter makes
the universe recollapse.

» The flat universe corresponds to the case when the particle moves with the escape velocity, i.e., the universe will keep

on expanding asymptotically.
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Evolution in matter-dominated models
» We have already found the solution for Qg =1

(Einstein-deSitter universe) which is a oc /5.

» The solution to the equation for Qg > 1 (closed) is

3.04 — Qp=0.3 Q
Qp=1.0 — 0
=—(1- ©
25{ — Q=30 “Tam -1 (1~ c0s6),
Qo .
204 t= 2Ho(S0 — 17377 (© —sin®).
15 . i
» The solution for Qo < 1 (open) is
1.0 Qo
=— he —1
a 2(1_Q0)(COS 0-1),
0.5 A QO
t=————— (sinh® — 0).
00 2H0(1 _ 90)3/2 (Sll’l @ 9)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Hot » For a closed universe, when © = 27, we have

Hot=7Q0/(Q0 — 1)3/27 a = 0, i.e., the universe recollapses
to singularity. In the case of an open universe, a increases
indefinitely.



Matter-dominated static universe
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Einstein initially believed that the universe was static. He tried to obtain the solution using the metric

dr

ds®* = dff — R?
s 1— kr?

+ r*(d6* + sin® 0d¢?) | ,
where R now is a constant. The Einstein tensor for this metric is clearly

k k

600:357 61126222033:ﬁ.

Now if we assume the universe to be filled with matter, then T = p, T}, = T% = T% = —P = 0 and hence the
Einstein equation becomes

k k
Clearly no sensible solution exists for this spacetime, and hence there is no static homogeneous isotropic model filled
with non-relativistic matter.



. N
Cosmological constant N
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» To find the solution, Einstein realised that one can always add a constant to the Einstein tensor and still
satisfy the Bianchi identities (that was the motivation for the form of Gj in the first place).

» Hence he modified his equations to
1
Ric — 5 8iR — Agix = 8mGTy,

where A is a constant, known as the cosmological constant.

» Then we get the solutions in the form

k

k
3 —A=81Cp, 5 —A=0.

R

» The second equation gives A = k/R?, which when put in the first, we get 2k/R? = 8w Gp. Since p > 0, we must have
k= +1, i.e., a closed universe. This also implies that one requires A > 0.

» The solution for the scale factor can be written as

[k | k
R=yVa~ 47Gp’

» The static model of Einstein was abandoned after Hubble’s observations. Hence the requirement for A went away.




Equation of state of A
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» We can write the modified Einstein equation as

1 A
R:k_igikR:&TG( T + e Gg)

» In this manner A is interpreted as a source of gravity. Even when no matter is present Ty = 0, we have some
contribution to the gravitational energy, which is called the vacuum energy.

» The corresponding components of the stress-energy tensor for A would be

T, = i(s—dag(A A A A)

881G 87G’ 87G’ 817G’ 871G
giving
A Pr— _ A
PA= %760 AT "8G

» So this source has a equation of state wa = —1. The corresponding density px does not evolve with time.
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» However, present day observations show that the universe is flat and contains a matter component Q2,0 NeRA-TiER
and a cosmological constant {24 0 = 1 — Q0. In that case

H*(a) = H [Qa

Matter and cosmological constant

2
(1- Qm,o)} — = % [Qmo + (1 — Qumo)d’] -

» So the solution is
Hof = / \/a 1 da+/a
? Vo + A= Cmo)@ /o ) VIt K
where K= (1 — Qm.0)/Qm,o0.

» The solution is 1/3 2/3
a(t) = (1?7"('200) {sinh (gm H(ﬁ)] .

> When t — 0, we get a x £/3 while at late times a oc eV ! =m0 Hot,
» The acceleration is

2
a= 747;0 a (pn,,()cz_3 + pa + 3PA) = f%a (Qm,yoa_3 — 2QA70) .

» Thus the universe decelerates for small a and starts accelerating for

Qo \"* Qm,o s
a> = | .
2040 2(1 = Qo)




Non-flat models with cosmological constant
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Consider a universe with matter {2, o0 and a cosmological constant €24 o, but we allow for non-flat
models so that Q0 =1 — Qo — Qa0-

In that case,
Qm
H*(a) = H} (?O + Qa0 +

Qo
a2

142 Qno  Qaod Qo
>:>§/Tg+(_2a_ 2 )T 2

This resembles the motion in a potential
Qm,O _ QA,0a2
2a 2

with constant energy E = 4 0/2. The time coordinate is scaled to Hot.

V(a) = —

The potential is always negative with V(a) — —oo for a — 0, co. It has a maximum at

Qmo \* 3 2/3 ~1/3
a = dmax — (m) — vmax = _W Qm,O QA,O‘

The energy E is positive for open models €2, o > 0, and negative for closed models ¢ o < 0.



Dynamics of the non-flat models with A

Amax

v
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Let us consider models which start ata=0at t = 0.
When E > 0 (open models), the scale factor will expand to co.

When E < 0 (closed models), but E > Vinay, the scale factor
will still expand to co.

In these expanding models, the universe decelerates for

a < amax and accelerates afterwards.

On the other hand, when E < Vi, the scale factor reaches a
maximum and then recollapses to 0.

When E = Vi, the universe expands and approaches a static
state at a = amax. This is the Einstein’s static universe.



