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		Synchrotron	Radia3on(Recap)		
Synchrotron	Radia3on	is	radia3on	from	a	charge	moving	rela3vis3cally	
that	is	accelerated	by	a	magne3c	field.	

Non-rela3vis3c	mo3on	of	a	charge	accelerated	by	a	magne3c	field	:	Cyclotron		
Rela3vis3c	mo3on	of	a	charge	accelerated	by	a	magne3c	field	:	Synchrotron	



		Cyclotron	radia3on	
summary		

Let	us	take	a	charge	(say	q)	and	put	it	in	uniform	magne3c	field	B		

Force	F=	q	v	x	B	=	q	v	B	 (If	B	is	orthogonal	to	v)	
F	

B	

v	

Force	F=	q	v	x	B	=	q	v	B	=	mv2/rL=	Centripetal	force	

rL=	mv/qB	Larmor	Radius	/Gyro	Radius	

Cyclotron	frequency		

Force	F	=mv2/rL=	m	ω	LrL	

ωL=qB/m	

T=2π/ωL=2πm/qB	Time	period			

νL=ωL//2π=qB/2πm	=2.8	MHz	per	Gauss	for	electron	
Frequency	is	independent	of	path	radius	and	par3cle	velocity	

Power	spectra	will	peak	at	a	single	frequency	

Accelerated	charged	par3cle	will	radiate	according	to	the	Larmor	formula		



		Cyclotron	radia3on	
Astrophysical	applica3on		
Discovered	~	40	years	back	

Cyclotron	lines	from	the	accre3ng	x-ray	pulsars	

In	1977		J.	Trumper	iden3fied	a	cyclotron		
emission	line	in	the	accre3ng	pulsar		
Hercules	X-1			
	
Trumper	proposed	:	hot	electrons		
around	neutron	star	magne3c	poles	are		
rota3ng	around	a	strong	B	field		
of	~5x1012	Gauss,	giving	rise	to	an		
absorp3on	line	at	~40	keV.	

Directly	probe	the	magne3c	fields	of	the	neutron	stars	
Probe	geometry		
Seen	in	more	than	30	sources	
Simula3ons	+	Observa3ons	



Refer	to	:h?ps://www.cosmos.esa.int/documents/13611/404108/200808_Schoenherr.pdf/
ecff8c8e-f1e7-4f30-b3c8-66d682e20a13	

Observa3on	 Modeling	



		Rela3vis3c	effects:	from	Cyclotron	to	
Synchrotron	Radia3on		

Assump3on	v<<c	(non	rela3vis3c	par3cles)	for	Cyclotron		
	
Now	we	describe	what	happens	to	the	radia3on	of	a	charge	accelerated	in	a	B	
field	when	the	speeds	approach	c	for	Synchrotron	

Review	Rela3vis3c	effects	discussed	in	Lecture	5			

Lorentz	transforma3ons	of	3me:	 Δt=	Δt’γ	

Lorentz	transforma3ons	of	Frequency:	 ν=	ν’/γ	



		Rela3vis3c	effects:	from	Cyclotron	to	
Synchrotron	Radia3on		

Larmor		Frequency		 Frequency	of	Gyra3on	

Cyclotron	 Synchrotron							

νL=ωL/2π=qB/2πm	 νB=ωB	/2π=qB/2πmγ	

Larmor		radius		 Radius	of	Gyra3on	

Period	of	rota3on				

T=2π/ωL=2πm/qB	
Period	of	rota3on				

T=2π/ωB=2πmγ/qB	
The	period	depend	on	par3cle	velocity	(Lorentz	factor	gamma)	and	as	
the	velocity	approaches	c,	the	period	increases.	



		Synchrotron	Radia3on	
Emission	pa?ern	

A	rela3vis3c	electron	moving	around	a	B	field.	

Cyclotron	to	Synchrotron:	
-  start	with	the	radia3on	

pa?ern	in	the	electron	rest	
frame	(where	we	know	the	
radia3on	pa?ern)		

-  then	we	do	a	Lorentz	
transforma3on	from	the	
rest	frame	to	the	lab	
frame.	



Synchrotron	radia3on:	Mo3on	of	ultra-rela3vis3c	par3cles	around	the	magne3c	field	lines		

		Synchrotron	Radia3on		

Equa4ons	of	Mo4on	of	a	par4cle		
with	rela4vis4c	velocity:	

Change	of	rela3vis3c	momentum	dp/dt	

γ	is	constant																		|v|	constant	
																																									

Force	on	the	par3cle	is	perpendicular	to	the	mo3on.	

Consider	a	par3cle	of	mass	m	and	charge	q	



		Synchrotron	Radia3on		
Helical	Mo4on:	

Separa3ng	the	velocity	components	along	the	field	and	in	a	plane	perpendicular	to	the	field	

Parallel	component	of	v	is	constant		
But	|v|=constant	
So	perpendicular	component	of	v	is	constant		

Mo3on	of	the	par3cle	is	combina3on	of	circular	mo3on		
And	uniform	mo3on	along	the	field	

Helical	mo3on	of	the	par3cle	



		Synchrotron	Radia3on	
(Total	power	radiated)		

Total	emi?ed	radia3on	(From	Lecture	7)	

zero	

Total	emi?ed	radia3on	from	charged	par3cles	with	velocity	v	



		Synchrotron	Radia3on	
(Total	power	radiated)		

We	have	many	par3cles	each	having	a	pitch	angle.	So	the	perpendicular	velocity		
needs	to	be	averaged	over	all	pitch	angles	(α).	

Total	emi?ed	radia3on		

Total	emi?ed	radia3on		

Total	emi?ed	radia3on	
for	electrons			



		Synchrotron	Radia3on	
(Total	power	radiated)		

Valid	for	electron	only	

Valid	for	electron	only		



		Synchrotron	Radia3on	
Emission	pa?ern		

Beaming	:	
Important	to	make	a	dis3nc3on	between	emi?ed	radia3on	and	received	radia3on.	
Received	radia3on	will	be	such	that	the	observer	can	see	it	only	when	the	narrow	
beam	points	towards	the	observer,	
àradia3on	appears	to	be	concentrated	on	a	narrow	cone.	
Observer	will	see	radia3on	from	a	par3cle	only	for	a	small	frac3on	2/γ	of	its	orbit.		
	
Observer	will	see	pulse	of	radia3on	confined	to	a	3me	much	smaller	than	its		
gyra3on	period.	
	
Spectrum	will	be	spread	over	region	much	broader	than	ωB/2π	

Rest	frame	of	electron	 Laboratory	frame	of	reference	



		Synchrotron	Radia3on	
(spectrum)		

The	spectrum	of	synchrotron	radia3on	must	be	related	to	detailed	varia3on		
of	electric	field	seen	by	an	observer		

Because	of	beaming,		emi?ed	radia3on	appear	to	be	concentrated	
about	par3cle’s	velocity	

Angular	distribu3on	of	radia3on	emi?ed	by	a	par3cle	with		
perpendicular	accelera3on	and	velocity	



		Synchrotron	Radia3on	
(spectrum)		

Emission	cones	at	various	points	of	an	accelerated	par3cles	trajectory	
	
Observer	will	see	pulse	from	point	1	and	2	along	the	par3cles	path,		
where	these	points	are	such	that	the	cone	of	emission	of	angular	width	1/γ		
includes	the	direc3on	of	observa3on	
	
																																																									a=Δs/Δθ	
	
																						Δθ=2/γ		(from	geometry)																					Δs=2a/γ	



		Synchrotron	Radia3on	
(spectrum)		

Equa3on	of	mo3on	

Since	|Δv|=v	Δθ	and	Δs=vΔt	we	have	

Δs=2a/γ	



		Synchrotron	Radia3on	
(spectrum)		

Times	t1	and	t2	at	which	par3cle	passes	points	1	and	2	are	such	that	Δs=v(t2-t1)	

Times	t1A	and	t2A	be	the	arrival	3mes	of	radia3on	at	the	point	of	observa3on,	
t1A	–t2A		is	less	than	t1-t2	by	Δs/c	(3me	for	the	radia3on	to	move	Δs)	



		Synchrotron	Radia3on	
(spectrum)		

Since	γ>>1	we	have		

Width	of	observed	pulses	is	smaller	
than	gyra3on	frequency	by	a	factor	of		γ3	
So	the	spectrum	will	be	broad	with		
cutoff	frequency	1/ΔtA		
Cri3cal	frequency:		



		Synchrotron	Radia3on	
(spectrum)		

Time-dependence	of	the	electric	field	in	a	pulse	of	synchrotron	radia3on	



		Synchrotron	Radia3on	
(spectrum)		

Electric	field	is	func3on	of	γθ,	where	θ	is	polar	angle	about	the	direc3on	of	mo3on		
Beaming	effect	

t	is	3me	measured	in	observer’s	frame,	zero	of	3me	(and	path	length	s)		
when	pulse	is	centered	on	observer.	
																																									θ	~s/a		
																																				t~(s/v)(1-v/c)	
	
																																						Rela3on	between		θ		and	t		



		Synchrotron	Radia3on	
(spectrum)		

Electric	field	

Fourier	transform	of	Electric	field	

Changing	variable	of	integra3on	to		



		Synchrotron	Radia3on	
(spectrum)		

Time	averaged	power	per	unit	frequency	

Constant	of	propor3onality	

Total	power	

Spectrum	dW/dωdΩ	is	propor3onal	to	the	square	of	E(ω)	

Integra3ng	over	solid	angle	and	dividing	by	orbital	period	



		Synchrotron	Radia3on	
(spectrum)		

Total	power	

Previous	results	

For	highly	rela3vis3c	case,	power	per	unit	frequency	emi?ed	by	each	electron	is	



		Synchrotron	Radia3on	
(single	par3cle	spectrum)		



		Cyclotron	vs	Synchrotron	Radia3on	
(single	par3cle	spectrum)		

Same	physical	origin	but	different	spectra	

νL=qB/2πm	

Cyclotron	spectra	single	line	at	 Synchrotron	spectrum		



		Synchrotron	Radia3on	
(spectral	index	for	power-law	electron	distribu3on)		

No	factor	of	γ	in	the	formula	other	than	in	ωc	
The	spectrum	can	be	approximated	by	a	power-law	over		
a	limited	range	of	frequency.	For	that	range	let	us	imagine,		

Nega3ve	slope	in	P(ω)	-	log(ω)	plot	

Oxen	the	spectra	of	astronomical	radia3on	has	a	spectral	index	that	is	constant	
over	a	fairly	wide	range	of	frequencies	example	s=-2	for	Rayleigh-Jeans	law	



		Synchrotron	Radia3on	
(spectral	index	for	power-law	electron	distribu3on)		
Number	density	of	par3cles	with	energies	between	E	and	E+dE	

Number	density	of	par3cles	with	energies	between	γ	and	γ+dγ		

Total	power	radiated	per	unit	volume	per	unit	frequency	is		
N(γ)dγ	3mes	single	par3cle	radia3on		



		Synchrotron	Radia3on	
(spectral	index	for	power-law	electron	distribu3on)		

Total	power	radiated	per	unit	volume	per	unit	frequency		
for	an	electron	distribu3on	

Change	variable	of	integra3on	x=ω/ωc	

considering	to	be	constant	



		Synchrotron	Radia3on	
(spectral	index	for	power-law	electron	distribu3on)		

Total	power	radiated	per	unit	volume	per	unit	frequency	for	an	electron		
distribu3on	(approximate	calcula3on)	

For	power	law	distribu3on	of	electrons,	

Total	power	radiated	per	unit	volume	per	unit	frequency		
for	an	electron	distribu3on	(detailed	calcula3on)	



		Synchrotron	Radia3on	
(spectral	index	for	power-law	electron	distribu3on)		



		Synchrotron	Radia3on	
(spectral	index	for	power-law	electron	distribu3on)		

ü  Angular	distribu3on	of	single	radia3ng		
par3cle	is	beamed	(1/γ)	

ü  Single	par3cle	spectrum	extends	up	to	~ωc		
Spectrum	func3on	of	ω/ωc	
	

ü  For	mul3	par3cle	system,	power	law	
distribu3on	of	energies	with	index	p	

	
Spectral	index	of	radia3on	s=(p-1)/2		
	
	
ü  Radia3on	is	highly	polarized	

Synchrotron	emission	from	a	par3cle.	
Radia3on	confined	to	the	shaded	region		



		Synchrotron	Spectra	
(transi3on	from	cyclotron	to	synchrotron	emission)		

Cyclotron	radia4on	
The	charge	is	moving	in	a	circle,	so	the	
electric	field	varia3on	is	sinusoidal	

Follow	typical	synchrotron	spectrum	as	the	electron’s	energy	is	varied	from	non-rela3vis3c		
through	highly	rela3vis3c	regime.	

Cyclotron-synchrotron	radia4on	
When	v/c	increases,	higher	harmonics	of	
fundamental	frequency	ωB	begin	to	
contribute	

Synchrotron	radia4on	
Charge	is	moving	in	a	circle	,	and	the	
radia3on	is	seen	only	for	a	3ny	amount	of	
3me	when	the	cone	1/γ	points	towards	
the	observers.	Superposi3on	of	integral	
mul3ple	of		ωB.		



		Synchrotron	Spectra	

Time	dependence	of	electric	field	from		
a	rapidly	moving	par3cle	in	a	magne3c	field	

Power	spectrum	

Porb	



		Synchrotron	Spectra	
For	very	rela3vis3c	veloci3es	v~c,	the	originally	sinusoidal	form	of	E(t)	has		
now	become	a	series	of	sharp	pulses	which	are	repeated	at	3me	intervals	2π/ωB.	
	
The	spectrum	involves	a	large	number	of	harmonics,	the	envelope	of		which		
approaches	F(x).			

Why	do	we	see	con3nuous	spectrum	
a)  As	the	frequency	resolu3on	becomes	larger	with	respect	to	ωB	or	other	physical		
broadening	mechanisms	fills	in	the	spaces	between	the	lines		
(there	is	a	distribu3on	of	par3cle	with	different	energies	and	the	gyra3on	frequency	ωB	
is	propor3onal	to	1/γà	the	spectra	of	par3cles	will	not	fall	on	the	same	lines)	
	
b)	Emission	from	different	parts	of	the	emiyng	region	may	have	different	values	and		
direc3ons	of	the	magne3c	fields,	so	the	harmonics	fall	at	different	places	in	the		
observed	spectrum.		

The	electric	field	received	by	the	observer	from	a	distribu3on	of	par3cles	consists	of	a		
random	superposi3on	of	many	pulses	of	the	above	kind.	Net	result	is	sum	of	spectra	from		
individual	pulses.		



		Synchrotron	Spectra	

Single	electron	spectra	

many	electron	spectra	



		Dis3nc3on	between	received	and	
emi?ed	power		

Doppler	shix	of	synchrotron	radia3on	emi?ed	
	by	a	par3cle	moving	towards	the	observer	

Received	pulses	are	not	at	frequency	ωB	
but	appropriately	Doppler	shixed	
because	of	progressive	mo3on	of	par3cle		
towards	observer.	
	
If	T=2π/ωB	is	the	orbital	period	of	the		
projected	mo3on,	then	3me-delay	effect		
will	give	a	period	between	the	arrival	of	
	pulses	TA		



		Dis3nc3on	between	received	and	
emi?ed	power		

The	fundamental	observed	frequency	is	ωB/sin2α	

For	usual	situa3on	encountered	in	astrophysics	one	should	use	expression	of	emi?ed	power	
to	give	observed	power.	Above	correc3on	due	to	helical	mo3on	are	not	important	for	most		
cases	of	interest.	



	Synchrotron	cooling	3me		

If	we	know	the	total	emi?ed	power	we	can	calculate	the	cooling	3me	
of	an	ensemble	of	electrons	emiyng	synchrotron.	

Example:	Consider	a	supermassive	black	hole	in	an	Ac3ve	Galac3c	Nucleus.	
The	magne3c	field	around	the	black	hole	is	of	the	order	of	1,000	G	
The	Lorentz	factor	is	also	of	the	order	of	1,000,	so	the	electrons	cool	down	on	a	
3mescale	of	just	0.77	seconds.	

If	instead	you	calculate	the	same	cooling	3me	very	far	away	from	the	black	hole,	
where	gamma	is	s3ll	1,000	but	the	B	filed	is	much	smaller	(e.g.,	B~1e-5	G),	the	
cooling	3me	is	then	of	the	order	of	250	Myr.		



		Polariza3on	of	Synchrotron	Radia3on	
		

Radia3on	from	single	charge	is	ellip3cally	polarized.	
	
For	a	distribu3on	of	par3cles	the	radia3on	is	par3ally	linearly	polarized.	
	
Polariza3on	for	frequency	integrated	radia3on	is	75%	(Problem	6.5	in	R&L)	
	
For	par3cles	with	power-law	distribu3on	of	energy	the	degree	of	polariza3on,	
		

=75%	for	p=3	



Large	scale	map	of	the	galac3c	magne3c	field	can	be	measured	from	
polariza3on	of	radio	emission	coming	from	synchrotron	processes.	
rela3vis3c	par3cles	interact	with	the	interstellar	magne3c	field	and	emit	
polarized	synchrotron	radia3on	

Synchrotron	in	Astrophysics	:		
Large	scale	structure	of	Galac3c	Magne3c	Field	



	Synchrotron	emission	from	Crab	
nebula		

Refer	to	h?p://www.jeff-hester.com/wp-content/uploads/2015/11/Crab_Annual_Reviews.pdf	

	In	the	Crab	nebula,	spiraling	electrons		
emiyng	op3cal	photons	have	a	life3me		
of	only	∼100	yr,	and	those	emiyng	X-rays		
live	only	a	few	years.	Such	electrons	could		
not	have	been	accelerated	in	the	1054,			
supernova	collapse	that	spawned	the		
Crab	nebula.	Their	energy	source	was	a	puzzle		
un3l	the	discovery	of	the	Crab	pulsar	in	1968.	

The	Crab	Pulsar	Powers	the	Nebula	



	Synchrotron	emission	from	Crab	
nebula		

Color	composite	of	the	Crab	synchrotron	
nebula	showing	a	Chandra	X-ray	image	
in	blue,	a	visible	light	mosaic	taken	with	
HST	in	green,	and	a	VLA	radio	image	in	
red.	The	pulsar	is	seen	as	the	bright	blue	
point	source	at	the	center	of	the	image.	

Emission	from	high-energy	electrons	
is	brightest	near	the	center	of	the	nebula,	
close	to	where	they	are	injected.		
Moving	outward	through	the	nebula,	the	
spectrum	becomes	soxer.	



	Synchrotron	emission	from	Crab	
nebula		

Refer	to	h?p://www.jeff-hester.com/wp-content/uploads/2015/11/Crab_Annual_Reviews.pdf	

Fig:	The	integrated	spectrum	of	the	Crab	synchrotron	
nebula,	from	Atoyan	&	Aharonian	(1996)	

The	electron	energies		
shown	correspond	to	peak	
synchrotron	emission	
assuming	a	magne3c	
field	of	300	µG.	Most	
of	the	emission	from	
the	Crab	is	emi?ed	
between	the	op3cal	
and	X-ray	bands.	The	
highest	energy	γ-rays	
are	due	to	inverse	
Compton	radia3on.	



End	of	Lecture	10	

Next	Lecture	:12th	September	

Topic	of	next	Lecture:		
Synchrotron	self	absop3on		
(Chapter	6	of	Rybicki	&	Lightman)			

h?ps://www.cv.nrao.edu/course/astr534/SynchrotronSpectrum.html	


