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Recap Lecture-1,2

Opaque body

Intensity

Frequency

A luminous opaque body behaves like a black body
emits frequencies of all wave lengths and produces continuous spectrum
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emits frequencies of all wave lengths and produces continuous spectrum

Tanuous body

Emission lines

i | |

Emission lines superimposed on faint continuous spectra.
Intensity of continuum or the emission lines can never exceed black body at any point
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Einstein Coefficients
First derivation of Planck’s function



Einstein Coefficients

Remember (from Lecture 1, slide 16)
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Stimulated absorption
B,, (dependent on radiation)

!

This occurs in presence of photons of energy hv,
Energy difference between two levels is not infinitely sharp
Described by a line profile function ®(v)
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BIZJ: mmmm) Stimulated absorption rate v >



Einstein Coefficients
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Stimulated emission

B,,(dependent on radiation)

v

Photons of energy hv_is emitted.

Energy difference between two levels is not infinitely sharp

Described by a line profile function ®(v)
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B,,J === Stimulated emission rate
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Einstein Coefficients

Spontaneous emission
A,,(independent of radiation)

'

Occurs when system in level 2 goes to 1, emits a photon of energy hv,
It occurs even in absence of radiation fields

A,, == Spontaneous emission rate



Einstein Coefficients

2 2 2
1 1 - 1
Stimulated absorption Stimulated emission Spontaneous emission

B,, (dependent on radiation)  B,;(dependent on radiation)  A,,(independent of radiation)

Rate 1to2 =Rate2to 1 n‘Bl2J= n2A2l +- "2321-]-



Einstein Coefficients
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1 1
Stimulated absorption Stimulated emission Spontaneous emission
B,; (dependent on radiation)  B,,(dependent on radiation)  A,,(independent of radiation)

—
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Rate1to2=Rate2to 1 n‘Bl2J= "2A2| + "2le-l~

In thermal equilibrium m = &1 exP( _ E/kl ) = S exp(hvo/kT)

n, gyexp| —(E+hv)/kT] &




Einstein Coefficients
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1 1
Stimulated absorption Stimulated emission Spontaneous emission
B,, (dependent on radiation)  B,;(dependent on radiation)  A,,(independent of radiation)

—

1

Rate1to2=Rate2to 1 n‘BuJ: "2A2| + nsz‘J.

In thermal equilibrium m = &1 exP( _ E/kl ) = S exp(hvo/kT)

n, gyexp| —(E+hv)/kT] &

Mean specific intensity

T AZI/B2I

J = => Plank Function
(8,B,2/8:B,,) exp(hvy/kT)— 1




Einstein Coefficients

J = A,/ By,
(8,B12/8:B3)) exp(hvy/kT)—1

2h 3 /.2
I, = B,(T) v/

~ ohw/kT _q




Einstein Coefficients

J = A,/ By,
(8,B12/8:B3)) exp(hvy/kT)—1

2h v /c?

I, = BV(T) — ehv/ET _ 1
2hy?

g1B2=28,B; A, = ’ B,,
c*

These relations must hold whether or not there is thermodynamic equilibrium.



Einstein Coefficients

T Ay / By
(8,B12/8:B,)) exp(hvy/kT)—1

2hv3/c?
IV — BV(T) — ehl//kT 1
21B,=28,B,, Ay = 2h;’ B,,

Wien Law hv >> kT 20y — hy
1 exp( 5T )




Einstein Coefficients

2hy?

CZ

|

Whenever there is stimulated emission, there has to be spontaneous emission.

AZl BZI

» Einstein coefficients connect the atomic properties A,, , B,; and B, and have
no relation to temperature.

» |f we determine any one of these coefficient then that will allow us to determine
other two.

» Einstein had to include the process of simulated emission as without it he
could not get Planck’s Law.



Einstein Coefficients

2hy?

CZ
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Whenever there is stimulated emission, there has to be spontaneous emission.

AZl BZI

» Einstein had to include the process of simulated emission as without it he

could not get Planck’s Law.
hv>>kT level 2 is sparsely populated compared to level 1 i.e. n2<<n1l

Stimulated emission is unimportant compared to absorption, since these are
proportional to n2 and nl.



A. Einstein, Physikalische Zeitschrift 18, 121 1917

The Quantum Theory of Radiation

A. Einstein
(Received March, 1917)

The formal similarity of the spectral distribution curve of temperature
radiation to Maxwell’s velocity distribution curve is too striking to have

remained hidden very long. Indeed, in the important theoretical paper in
which Wien derived his displacement law

p=vf (%) (1)



Emission coefficient in terms of Einstein
Coefficients

Amount of energy emitted in volume dV, solid angle dQ frequency dv and time dt

dE =) dVdQdtdy, (slide 19, Lecture 1)

Each atom contributes energy hv, distributed over 4t solid angle



Emission coefficient in terms of Einstein
Coefficients

Amount of energy emitted in volume dV, solid angle dQ frequency dv and time dt

dE =) dVdQdtdy, (slide 19, Lecture 1)

Each atom contributes energy hv, distributed over 4t solid angle

Amount of energy emitted in volume dV, solid angle dQ frequency dv and time dt

dE= (hvy/4m)d(v)n,A,,dVdQdvdt



Emission coefficient
in terms of Einstein Coefficients

Amount of energy emitted in volume dV, solid angle dQ frequency dv and time dt

dE =) dVdQdtdy, (slide 19, Lecture 1)

Each atom contributes energy hv, distributed over 4t solid angle

Amount of energy emitted in volume dV, solid angle dQ frequency dv and time dt

dE= (hvy/4m)d(v)n,A,,dVdQdvdt

. hyg
Jo= 7 maA$(»)



Absorption coefficient
in terms of Einstein Coefficients

Amount of energy emitted in volume dV, solid angle dQ frequency dv and time dt

hv,
dE = dthde”Z; n,B,o(v)],



Absorption coefficient
in terms of Einstein Coefficients

Amount of energy emitted in volume dV, solid angle dQ frequency dv and time dt

hv,
dthdev-Z; n,B,o(v)1,

i

hy
a, = Z;”sBlz¢(V)°



Absorption coefficient
in terms of Einstein Coefficients

Amount of energy emitted in volume dV, solid angle dQ frequency dv and time dt

hv,
dthdev-Z; n,B,o(v)1,

v

hy
a, = E”uglﬁ’(”)-

Absorption coefficient

Absorption coefficient corrected for stimulated emission

hy
&, = 3;‘1’(1’)(”1312 —nyB,,)



Radiative transfer equation
in terms of Einstein Coefficients

dl

Replacing the emission and the absorption coefficients _d.—; =—oal +),
in the radiative transfer equation |

dl hy hv

y
= — —(nB,—n,B I+ —n,A,o(v)
s 4,”(112 2By1)¢(v) ], 4,”221(
n,Aj,

Source function S =

n,B,,—nyB,,



Radiative transfer equation
in terms of Einstein Coefficients

Replacing the emission and the absorption coefficients in the
radiative transfer equation

dl,
ds

hy hy
= — Z—;(n,B,z —n,B,)e(v)1, + a*;"zAzﬁb(”)

Source function S —_ nZA 21
v

n,B,,—n,B,,

hv
%= A n B y(1— g ny/ 8am)(v).



Radiative transfer equation
in terms of Einstein Coefficients

Replacing the emission and the absorption coefficients in the
radiative transfer equation

dl,
ds

hy hv
= - ‘4"‘;('21812 - n2821)¢(1’)1p+ Z;;nZA2I¢(y)

n,A,,

Source function S =
© omB,— By,

hv
%= A n B y(1— g ny/ 8am)(v).

S, = 2’”’3(82"‘ —1)_l
¢t \ gn,




Special cases
1. Thermal emission

If the matter is in thermodynamic equilibrium

m_ 8, (_{'_'3.)
n, g P\UkT
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m_8 (_h_f:.)
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Correction factor due to stimulated emission




Special cases
1. Thermal emission

If the matter is in thermodynamic equilibrium

m_8 (_h_f:.)
ny &2 P\kT

hy — hy
om 21 ) Jo

l

Correction factor due to stimulated emission

S, =B(T)



Special cases
2. Non-thermal emission

For all other cases where thermal equilibrium is not achieved

mo_ 8 _"L)
n,y 7 8> exp( kT



Special cases
3. Inverted Populations

For a system with thermal equilibrium we have

n _m
— > — . Such systems are called normal population

g1 £>

It is possible to put enough atoms in the upper state so that we have population
inversion
n n
1 2
—_—< =
g1 g2

Absorption coefficient is negative

a, <0,

V



Einstein Coefficients

From a quantum electrodynamics treatment of spontaneous emission, it
may be shown

6474
3hc3 oL

2
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Radiation is due to change of dipole moment.

F =1
PR S S~ Higher energy Spin
/ $ state flip
; T KA ODO T D
I 1420 MHz
F =0 SR
JPPEC M 1420 MHz

,/ -‘i['l"'f’l|$7':.'\+ ' A=21cm
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Einstein Coefficients

From a quantum electrodynamics treatment of spontaneous emission, it
may be shown

Radiation is due to change of dipole moment.



21cm emission line

Hydrogen is the most abundant element in the interstellar medium (ISM), but
the symmetric H2 molecule has no permanent dipole moment and hence does
not emit a detectable spectral line at radio frequencies.

Neutral hydrogen (HI) atoms are abundant in low-density regions of the ISM.
They are detectable in the 21 cm (~1420 MHz) hyperfine line.

Two energy levels result from the magnetic interaction between quantized
electron and proton spins. When the relative spins change from parallel to
antiparallel, a photon is emitted.

A~ 285 x 107 s

T, =A; ~ 3.5 x 10" s ~ 11 million years

However a large fraction of what we know about the universe comes from studying
the universe at 21 cm



Radiative Transfer

Radiative Transfer = change in I, as radiation propagats

<> Radiation is ultimately produced by quantum mechanical transitions in
which electrons move from one level to another

<> In an ensemble of atoms/molecules occupancy of these energy levels is given

e-E/KT

By Boltzman distribution ->matter is in thermal equilibrium

< In diffuse matter when T <<1 the photons retain their signature.

< In an opaque body when T >>1 the radiation loses all its memory during the
Process of multiple absorption and emission and behave like a black body.

This is why spectrum of raditation is characterised by temperature and not by any
other property of matter.

<> In most astrophysical situation matter and radiation are not in thermodynamic
equilibrium and so we are not dealing with opaque matter.
(examples of opaque body : early universe and interiors of stars)



Observables

From an empiricist’s point of view there are 4 observables for
radiation

e Energy Flux
e Direction

® Frequency
e Polarization

More on these in coming lectures



End of Lecture 3

Next lecture : 16t August



