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Abstract. This paper deals with the stationary-state in the planer magnetic-
binary problem when the bigger primary is a triaxial rigid body with its equa-
torial plane coincident with the plane of motion by taking different values of
semiaxes of the triaxial rigid body. There exists five or seven equilibrium points
(L1, L2, L3 are collinear and L4, L5, L6, L7 are non-collinear) corresponding to
certain values of mass parameter µ and magnetic parameter λ, the libration
point L1 does not exist when λ = 0, 2, 3 the libration point L2 does not exist
when λ = 2, 3. We have also found that only L2 is stable for given values of µ
and λ.

Keywords : advanced dynamics, magnetic-binary-problem, equilibrium points
(stationary points or libration points), stability.

1. Introduction

Many contributions have been made to the problem of the motion of a charged particle
in a magnetic-dipole field by Stormer (1907), De Vojelaere (1949, 1950, 1958), Graef
and Kusaka (1938) and Dragt (1965). Goudas and Petsagourakis (1985) have studied
the motion of a charged particle P of charge q and mass m which is moving under the
magnetic forces due to two dipoles of magnetic moments M̄1 and M̄2. These dipoles
participate in circular motion of their carrier stars S1 and S2 which move around their
centre of mass.
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Mavraganis (1979) investigated the influence of oblate primaries on the stationary
- state of the plane’s magnetic binary problem. Bhatnagar et al. (1993) have studied
the same problem including the effect of gravitational forces taking both the primaries
as spheres. In this paper we generalize this problem considering the bigger primary as a
triaxial rigid body.

We have considered a case of Earth-Moon system. In this system the Earth has been
taken as a triaxial rigid body, as earth’s equator is an ellipse and not a circle. The semi
axes a1, a2, a3 of the earth are assumed to be in the neighbourhood of 6400 km.

We may note that though there seems to be very little change in the location of
equilibrium points in dimensionless distance but in physical dimension these changes are
of the order of kilometers. Though we have applied the theory so developed to only one
system viz Earth-Moon system, it can be applied to any other systems also.

Due to the motion of the primaries under the influence of their mutual attractions,
the magnetic field of each one varies in space and time, hence the particle is moving
in a sufficiently complicated field. Since the gravitational force acting on the particle
is evidently very small, it is neglected. In order to simplify the problem under its new
consideration, we suppose: the primaries describe circular orbits with constant angular
velocity (the mean motion), the sum of their masses is equal to unity and the distance
between them is constant (unity). The equations of motion and an integral (energy) of
-motion are derived in the rotating co-ordinate system, using dimensionless variables.
Stability of stationary points (also called libration points) is discussed by examining the
roots of the characteristic equation.

2. Equation of motion

Let us consider two masses m1 and m2 at P1 and P2 carrying dipoles moving in circular
orbits without rotation around their centre of mass ‘O’ with angular velocity n. Let
there be a particle P of charge q and mass m3 moving in the plane of motion of m1 and
m2 and is being influenced by their motion but not influencing them. We consider the
bigger primary of mass m1 to be a triaxial rigid body with one of its axes as the axis of
symmetry whose equatorial plane coincides with the plane of motion. Let the position
vector of P at any time t be r̄ with respect to a rotating frame of reference O(x, y, z)
which is rotating with the same angular velocity as those of masses m1 and m2. Suppose
initially the masses m1 and m2 lie on the x-axis. Since the angular velocity of the frame
of reference O(x, y, z) is the same as those of the masses m1 and m2 and at t = 0 they
lie on the x-axis, they will continue to stay at rest on the x-axis. We choose the distance
between the masses m1 and m2 as the unit of distance and the sum of their masses as the
unit of mass. We choose the unit of time in such a way that the gravitational constant
G has the value unity. We further choose the unit of charge such that q/m3c = 1. Since
the gravitational force acting on the particle is very small as compared to Lorentz forces,
we may neglect it.
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The equation of motion of the charged particle P of mass m3 in the synodic system
is

m3

[
∂2r̄

∂t2
+ 2ω̄ × ∂r̄

∂t
+ ω̄ × (ω̄ × r̄)

]
= F̄1 + F̄2, (1)

where ω̄ = ω1

t
i +ω2

t
j +ω3

t
k= angular velocity vector, Since the axis of rotation is about

z-axis therefore components of angular velocity about x- and y-axis are zero, i.e.

ω̄ = ω3

t
k= n

t
k say = constant,

F̄1 = −q

c

dĀ1

dt
+

q

c

[
dr̄

dt
× (∇̄ × Ā1)

]
,

F̄2 = −q

c

dĀ2

dt
+

q

c

[
dr̄

dt
× (∇̄ × Ā2)

]
,

c = velocity of light,

Ā1 =
µ0J̄01

4πr1

[
V1 +

1
2r2

1ρ1
(I1 + I2 + I3 − 3I)

]
,

Ā2 =
µ0J̄02V2

4πr2

J̄01 and J̄02 are the average values of the current density vectors J̄1(r̄) and J̄2(r̄ respec-
tively,

V1 and V2 are the volumes of the bigger and smaller primaries respectively, ρ1 and
m1 are the density and mass of the bigger primary, I1, I2, I3 are the principal moments
of inertia of the bigger primary with its mass m1 about its centre of mass,

I1 =
b2
1 + c2

1

5R2
m1

I2 =
a2
1 + c2

1

5R2
m1

I3 =
a2
1 + b2

1

5R2
m1

I is the moment of inertia about the line joining the centre of mass of the bigger primary
of mass m1 and the infinitesimal body of mass m3 i.e. about −−→PP1

I = I1l
2
1 + I2m

2
1 + I3n

2
1

I1,m1, n1 are the direction cosines of −−→PP1, R is the dimensional distance between m1 and
m2. a1, b1, c1 are the lengths of the semi axes of the bigger primary.

Here we have taken
µ0J01V1

4π
= M1



258 Harshita Jain et al.

and
µ0J02V2

4π
= M2.

Let us suppose that M1 has the components (0,1) and M2 has the components (0, λ).

Now the equations of Motion (1) in the Cartesian Synodic System become

ẍ− Sẏ = Ux,

ÿ + Sẋ = Uy,

where

U =
n2(x2 + y2)

2
+ nx

{
1
r1

+
λ

r2
+

1
2r3

1

(2σ1 − σ2)− 3y2

2r5
1

(σ1 − σ2)
}

,

S = 2n− (x− µ)
{

1
r3
1

+
3(2σ1 − σ2)

2r5
1

− 15y2(σ1 − σ2)
2r7

1

}
− λ(x + 1− µ)

r3
2

,

r2
1 = (x− µ)2 + y2,

r2
2 = (x + 1− µ)2 + y2,

µ =
m2

m1 + m2
≤ 1

2
,

σ1 =
a2
1 − c2

1

5R2
, σ2 =

b2
1 − c2

1

5R2
, σ1, σ2 ¿ 1,

n2 = 1 +
3
2
(2σ1 − σ2).

3. Investigation of the equilibrium points

We know that the equilibrium points are the solutions of the equations

Ux = 0 = Uy, (2)

We group the solutions of Equations (2) into two kinds; those with y = 0 (the collinear
equilibrium points) and those with y 6= 0 (non-collinear equilibrium points) these two
kinds of points are examined separately.

For y = 0, the roots of the equation Ux = 0, therefore determine the abscissa of
the collinear points. We investigate the existence and location of the collinear points
into the following three intervals I1(µ − 2, µ − 1), I2(µ − 1, 0) and I3(µ, µ + 1) on the
x-axis. For y 6= 0 (non-collinear equilibrium points) we solved the equations Ux = 0 = Uy

numerically in all the cases for µ = 0.0121 and λ = −3. We have found that there exists
four non-collinear points in some cases.
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3.1 The stability of the equilibrium points

Let (x0, y0) be the coordinates of any one of the equilibrium point. Let ξ0, η0 denote
small displacement of the particle from equilibrium point. Then, near these points the
particle moves according to the following set of non-linear (variation) equations.

ξ̈0 − η̇0(S + Sxξ + Syη)0 = ξ0

(
∂2U

∂x2

)

0

+ η0

(
∂2U

∂x∂y

)

0

,

η̈0 + ξ̇0(S + Sxξ + Syη)0 = ξ0

(
∂2U

∂x∂y

)

0

+ η0

(
∂2U

∂y2

)

0

. (3)

Linearizing Equation (3), since the non-linear terms divided by the norm of the vector
T (ξ, η, ξ̇, η̇) are negligible when this norm tends to zero, i.e.

lim
‖T‖→0

hξ̇

‖T‖ = 0,

lim
‖T‖→0

hη̇

‖T‖ = 0,

h = Sxξ + Syη

We get the following system of second order equations with constant coefficients

ξ̈0 − η̇0S0 = ξ0

(
∂2U

∂x2

)

0

+ η0

(
∂2U

∂x∂y

)

0

,

η̈0 + ξ̇0S0 = ξ0

(
∂2U

∂x∂y

)

0

+ η0

(
∂2U

∂y2

)

0

, (4)

with
(

∂2U

∂x2

)

0

= n2 − n(x0 − µ)
r3
1

{
2 +

3(2σ1 − σ2)
r2
1

− 15(y0)2(σ1 − σ2)
r4
1

}

−2λn(x0 + 1− µ)
r3
2

+nx0

[
3(x0 − µ)2

r5
1

{
1 +

5(2σ1 − σ2)
2r2

1

− 35(y0)2(σ1 − σ2)
2r4

1

}

− 1
r3
1

{
1 +

3(2σ1 − σ2)
2r2

1

− 15(y0)2(σ1 − σ2)
2r4

1

}]

+nx0λ

{
3(x0 + 1− µ)2

r5
2

− 1
r3
2

}

(
∂2U

∂x∂y

)

0

= −ny0

r3
1

{
1 +

3(2σ1 − σ2)
2r2

1

+
3(σ1 − σ2)

r2
1

− 15(y0)2(σ1 − σ2)
2r4

1

}
− nλy0

r3
2
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+
3nx0(x0 − µ)y0

r5
1

{
1 +

5(2σ1 − σ2)
2r2

1

+
5(σ1 − σ2)

r2
1

− 35(y0)2(σ1 − σ2)
2r4

1

}

+
3nλx0y0(x0 + 1− µ)

r5
2

and
(

∂2U

∂y2

)

0

= n2 + nx0

[
3(y0)2

r5
1

{
1 +

5(2σ1 − σ2)
2r2

1

+
25(σ1 − σ2)

2r2
1

− 35(y0)2(σ1 − σ2)
2r4

1

}

− 1
r3
1

{
1 +

3(2σ1 − σ2)
2r2

1

− 3(σ1 − σ2)
r2
1

}]
+ nx0λ

{
3(y0)2

r5
2

− 1
r3
2

}

by means of which we can study the stability of motion near the equilibrium points, here
r1, r2 to be calculated at x = x0, y = y0.

The characteristic equation of Equation (4) is

Λ4 + BΛ2 + D = 0 (5)

where

B = S2 −
(

∂2U

∂x2

)

0

−
(

∂2U

∂y2

)

0

,

D =
(

∂2U

∂x2

)

0

(
∂2U

∂y2

)

0

−
{(

∂2U

∂x∂y

)

0

}2

.

The equilibrium points are stable when all the roots of the characteristic Equation (5)
are pure imaginary and this is possible only if

Λ2 =
−B ±√B2 − 4D

2
gives −ve values,

it implies

(i) B2 − 4D > 0, B > 0 and

B >
√

B2 − 4D ⇒ D > 0

(ii) B2 − 4D = 0 and B > 0.

4. Numerical results

We calculated the collinear and non-collinear equilibrium points by giving small pertur-
bations in the semi axes of the triaxial rigid body (earth) in the cases when λ = −2, 0, 2, 3
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Figure 1. Libration point L1 for (λ = −2).

Figure 2. (a), (b) Libration point L2 for (λ = −2); (c), (d) Libration point L2 for (λ = 0).

(See Table 1-8). The collinear libration points are also shown graphically in figures (1a-b,
2a-d, 3a-f). Figure 1a shows the location of equilibrium point L1(λ = −2) for different
values of µ. Figure 1b shows the location of equilibrium point L1(λ = −2) for different
values of δa (change in the semi axis ‘a’ of the trixial body for µ = 0.0121). Figures
2a and 2c show the location of equilibrium point L2(λ = −2, 0) for different values of
µ. Figures 2b and 2d show the location of equilibrium point L2(λ = −2, 0) for different
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values of δa (change in the semi axis ‘a’ of the trixial body for µ = 0.0121). Figures 3a,
3c and 3e show the location of equilibrium point L3(λ = −2, 0, 2) for different values of µ.
Figures 3b, 3d and 3f show the location of equilibrium point L3(λ = −2, 0, 2) for different
values of δa (change in the semi axis ‘a’ of the trixial body for µ = 0.0121). Table 9 gives
the characteristic roots of Li, i = 1, . . . , 5 for (µ = 0.0121). This table indicates that
only L2 satisfies the conditions of stability for given value of µ and λ. All other libration
points viz. are unstable.

Table 1. Semi-axes of the triaxial rigid body.

Parameter Case 1 Case 2 Case 3 Case 4 Case 5

α1 6400 6400 6400 6400 6400
α2 6400 6390 6380 6370 6360
α3 6400 6380 6360 6340 6320
σ1 0 3.46× 10−7 6.908× 10−7 1.0345× 10−6 1.377× 10−6

σ2 0 1.728× 10−7 3.449× 10−7 5.161× 10−7 6.865× 10−7

where a1, a2, a3 are the lengths of semi-axes of triaxial body. Here we took five different
cases of different semi-axes of triaxial rigid body. With respect to these five cases we
calculated all the libration points and studied their stability.

We may note that in all the above cases, the libration point L1 lies within the interval
I1(µ− 2, µ− 1) when λ = −2 but does not exist when λ = 0, 2, 3.

We may note from Tables 3 and 4 that in all the above cases, the libration point L2

lies within the interval I2(µ− 1, 0) when λ = −2 and 0 but does not exist when λ = 2, 3.

We may note from Tables 5, 6 and 7 that in all the above cases, the libration point
L3 lies within the interval I3(µ, µ + 1) when λ = −2, 0 and 2 but does not exist when
λ = 3.

We may note that in each of the above cases there exist four non-collinear libration
points.

Here we note that in all the above cases, only the libration point L2 gives the pure
imaginary characteristic roots. Hence it is stable. All other libration points viz. Li, i =
1, 3, 4, 5, 6, 7 are unstable.
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Figure 3. (a), (b) Libration point L3 for (λ = −2); (c), (d) Libration point L3 for (λ = 0); (e),

(f) Libration point L3 for (λ = 2).
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5. Conclusion

We observe that the existence and position of equilibrium points (Li, i = 1, . . . , 7) depends
on λ (magnetic moments ratio), µ (mass ratio), and σ (parameter due to triaxial body).

Existence of equilibrium points depend upon the λ:

λ L1 L2 L3 L4,5 L6,7 Total

≥ 3 Does not exist Does not exist Does not exist Does not exist Does not exist 0
2 Does not exist Does not exist exists Does not exist Does not exist 1
0 Does not exist exists exists Does not exist Does not exist 2
−2 exists exists exists Does not exist Does not exist 3
≤ − 3 exists exists exists exists exists 7

We observe that there exists upto seven equilibrium points.

The effect of changing the mass ratio (mu) and the change in semi-major axis, (delta
a) moves the equilibrium points towards or away from the centre of mass. More precisely,
as (mu) increases L1 moves towards the centre of mass whereas L2 and L3 move away
from the centre of mass. On the other hand a small increase in (delta a) moves L1 and
L2 towards the centre of mass and L3 away from the centre of mass.

We have also found that only L2 is stable for some combinations of µ and λ. Taking
the bigger primary as triaxial, the magnetic binary problem become more realistic than
that with spherical primaries. This is because the shape of primaries influences the motion
of two body system.
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