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Non-linear stability of L, in the restricted three body
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Abstract. We have investigated the non-linear stability of the triangular
libration point L4 of the Restricted three body problem under the presence of
the third and fourth order resonances, when the bigger primary is an oblate
body and the smaller a triaxial body and both are source of radiation. It
is found through Markeev’s theorem that L, is always unstable in the third
order resonance case and stable or unstable in the fourth order resonance case
depending upon the values of the parameters Ay, A}, A, P and P’, where
Ay, A} and A}, depends upon the lengths of the semi axes of the primaries and
P and P’ are the radiation parameters.
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1. Introduction

In the present paper, our aim is to investigate the non-linear stability of the triangular
libration point L4, under the presence of resonances in the restricted three body problem
when the bigger primary is an oblate body and the smaller a triaxial body and both are
sources of radiation and their equatorial planes are coincident with the plane of motion.
Hallan et al. (2000) studied the same model in the absence of the resonances. For this
they applied the Moser’s modified version of Arnold’s theorem (1961).
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Arnold proved that if

(1) kw1 + kows # 0 for all pairs (kq, ko) of rational integers, where wq,ws are the basic
frequencies for the linear dynamical system, and

(ii) Determinant D # 0,

where

D = det(bij) (i7j:1,2,3),

0’H
bi' = ‘7 | = ]-7 2 )
’ (afz-al)hzzjzo =12

0H
. = - 1,7 =1,2
biz bai <BL- )[i—[j—O (0.d /2

1
0 and H=wli +wls+ §(A112 +2BL I+ CI3) + ...,

b33

H is the normalized Hamiltonian with I; and I as the action momenta co-ordinates, then
on each energy manifold H = h in the neighborhood of equilibrium, there exits invariant
tori of quasi periodic motion which divide the manifold and consequently the equilibrium
is stable. This is valid for a system with two degrees of freedom, which is the case under
consideration. Moser has shown that Arnold’s theorem is true if the condition (i) of the
theorem is replaced by kjw; + kows for all pairs (k1, ks) of rational integers such that
|k1| + |k2| < 4. They found that L, is stable for 0 < p < e, (e = a critical value of
1) in the non-linear sense except at three mass parameters pq, uo and us where Moser’s
theorem is not applicable. Here w1 corresponds to the resonance case w; = 2ws and o to
the resonance case w; = 3wy (Hallan et al. 2000). We may note that Moser’s condition
(i) is not satisfied at these values.

As far as resonance cases are concerned, they have been studied by Henrard (1970),
Markeev (1978), Kunitsyn and Perezhogin (1986), Chaudhary (1987, 1988), Thakur and
Singh (1997), Gozdziewski and Maciejewski et al (1998), and Chandra Naveen (2004).

In all the above studies, the case when the bigger primary is an oblate body and the
smaller a triaxial body and both are sources of radiation, have not been considered. We
have investigated the non-linear stability of the triangular libration point L4, with the
help of Markeev’s (1978) theorem for the resonance cases wi; = 2wy and w; = 3ws. In
order to apply Markeev’s theorem we have to compute Birkhoff’s normal form upto the
fourth order terms of the Hamiltonian. The normal form of the Hamiltonian contains
resonance terms for both the resonance cases wy = 2w, and wi = 3ws.

The original version of Markeev’s theorems is in Russian. Many authors have used the
translated English version of Markeev’s theorem for stability of the triangular libration
point L4 in the restricted problem which states as follows:



Non-linear stability of La in the restricted three body problem 329

Markeev’s Theorem (Translated version).
For w; = 2w, .

With the suitable choice of the variables g;, p; in the case w; = 2wy the Hamiltonian
H =Hy+ H3+ Hy + ... reduces to

H = 2wor; —wary — T2\/ﬁ\/($%002 + Yiooe)w2
X sin(¢1 + d2) + o((r1 +12)%) . (1.1)

Here x1002 and yi1002 are constants which depend on the coefficients of the form H, and
Hjs in the expansion (1.1) and

qi =V 27"1‘ sin ¢1 and Pi =V 27'1' COS ¢1 (Z = 1, 2)

We may note that g;’s are the generalized co-ordinates and p;’s are the generalized mo-
menta of the infinitesimal mass mg. If 23,05 + Y302 7 0, then equilibrium is unstable.

For w; = 3w, .

For w; = 3wy the Hamiltonian can be reduced to the form

1
2 2
H = wyry —wary + c0r] + C117172 + Co273 + §w27”2\/7"17“2

X 1/3(23003 + Y3oo3) SI(1 + 32) + o(ry +72) % . (1.2)

The constants cag, ¢11, o2, T1003 and y1p0s in (1.2) depend on the coefficients of the forms
Hs, H3 and Hy. The equilibrium position is unstable if the inequalities 22,05 + y%y03 7 0

and 3war/T3003 + Y003 = |20 + 3c11 + Ycoz] are fulfilled.

2(a) Equations of motion and location of L,

We shall adopt the notation and terminology of Szebehely (1967) and Sharma Ravinder
et al. (2001). As a consequence the distance between the primaries does not change and
is taken equal to one; the sum of the masses of the primaries is also taken as one. The
unit of time is chosen so as to make the gravitational constant unity. Using dimensionless
variables, the equations of motion of the infinitesimal mass mg3 in the synodic co-ordinate
system (z,y) are

i —ong =Q,
[Sharma Ravinder et al. (2001)] (2.1)
i+ 2ni = Q,
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where
2
o n 2 2 1 Al P
Q = E(ml’rl +m27"2)+ (7114—27”:1,)—711 mi
1 AL 3ALys P
=+ + ——)m
<7°2 2r3 2r32 e ) 2
mp = mass of the bigger primary,
ms = mass of the smaller primary,
me 1 1
= —_— —_ mq = —_ 5
H mi1+mg ~ 2 ! H
A=
2 _ 2 2
ry = (@—+1-p)+y7,
P _ Radiation pressure due to the bigger primary
~ Gravitational force due to the bigger primary ’
P Radiation pressure due to the smaller primary
Gravitational force due to the smaller primary ’
A, = a2—02) A,1:2a2—02—62’
5R2 5R2
b2 — g2
A/2 == W, 0<A1,A/1,A,2,P,P/<<1,

a and c are the lengths of the semi-axes of the oblate body of mass m;,
a’,b' and ¢’ are the lengths of the semi-axes of the triaxial body of mass ms,

R =dimensional distance between the primaries.
The mean motion n of the primaries is given by
3 3
n=1+-A1+-A4].
47T

It may be observed that n is independent of the parameters A, P and P’.

2(b) Location of the librations point L,
The libration points are the solutions of the equations
Q=0 and Q,=0

and the co-ordinates of L, are given by

1
z = —gtptad + o AL + 1Ay + B P+ BLP

V3
y = 7+0¢2A1+0/2A/1+7§A/2+52P+5§P/»
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where
1 L1
061——57 041257
1 , 1
2= T Qg = ==,
2v/3 2v/3
7/_7_’_ 1 f)/:@ é_ 1
78 2(1—-2u) 27 2 \4 311-p)’
1 1
ﬂlzga ﬁi:gv
1 , 1
62 3\/55 ﬂ2 3\/§

2(c) First order normalization

Now, we shall determine the normalized form of the Hamiltonian by following the proce-
dure of Hallan et al. (2000).

The Lagrangian is given by

1
L o= {a*+9" +n°@® +97) + 2n(zy — yi)}

1 A 1A Aby?
+m1(1—P)<+1>+m2(1—P’)<+ ! 32y).

1 27;1” T 27’5’ 27’3

Shifting the origin to L4(x,y), we have
L= 1 @+ 9% + (z— 2 2+2 x— 2
2 2 2
@i+ af Ay 44 + 5P+ 1P |

1 3\° 3
+2{<y+ \2[) +2<y+ \2[)(042/11 + ab Al + 75 AL +ﬂ2P+ﬁ§P’)}

+

T —

o2

+m&+%4+%%+mp+mpﬁ

Y+

ol 1) (5 (o oo )

1 A P 1 A 3A 3\? P
oo ) ooy S5 5

1 21"11)’ 1 To 27"5’ 27"3 2 T9

“l%

+ ag Ay + ap A} +75A5 + o P + ﬁépl>j7

+

~lw /N /N
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where vy =1 — 2pu.

Expanding L in power series of x and y, we get

where

Lg

Ly

Ly

Ls

1
= —32{14’}/ + (=6 + 257) A1 + (6 + 257) A} + v4 AL +

L=Ly+Li+Lo+Ls+Ls+...,

11 4 +2 1 1
= 87 +0¢3A1+O¢§A/1+7§A/2—5(1+7)P—§(1—7)P/a
V3 8 8 .

1 8 8
_8{4’7 + a5 Ay + ag Ay + 9545 — §P + 3P/}yu

1 1 o
= §(x2+y2)+1(4+3A1+3A’1)(:Cy—y:r)

3
+1s {2 + (54 47) A1 + (5 — 47) A} + 7645

3 3

V3
8

2 2
+S(1 =3P+ =(1+ 37)P’} 2
2
{67 + (6 4+ 137)A; — (6 — 137y) A} + LA, — 5(3 —7)P

2
+§(3 + V)P'} xy

3 2 2
+16 {6 + 1141 + 1147 +~5 A} — 3(1=37)P -G+ 7P|y,

4
§(4+’Y)P

+§<—4+v)P’}w3

V3

4 4
fg(—8 +21y)P — g(—S - 217)P/}z2y

3
+32{227 + (22 + 657) A1 + (—22 + 657) A + 711 4)

4 4
+32+37)P+ (=24 3V)Pl}xy2

V3

32

4 4
{6 + 2341+ 2341 + a4y — 5(2-97) — S (2 9v)P’}y3,
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1 2
L4 = —_— {74 + 0413141 + a113A11 + ’)/1314/2 — g(—87 —|— 113’7)P

2
—g(—87 - 1137)P'}x4

5V3 2
+]-\9/2>{30’7 + a1441 + O/14A/1 + 71414/2 + 5(63 — ’)/)P

2
+3(=63 - 'y)P’}:v?’y

3 2

2
+§(111 + 1697)P’}:U2y2

5v/3 2
g{{l&y + a16A1 + g Al + V1AL + g(21 +5v)P

2
—|—§(—21 + 57)P’}:cy3

3 2
+256{2 + 6541 + 6514/1 + 7{714/2 + g(—29 + 91’)/)P

2
+§(—29 - 917)P’}y4.

The Hamiltonian function is given by

1, 2 mp  mz My
H(x,y,pz,py) = i(pz +py) + n(ypfﬁ - xpy) - F - g - 2T:13A1
my ., 3ma2 5 ., My ma o,
——Z A — - —Fy*AL+ —P 4+ =P
2r3° 208 vzt r + ro

The translation given by

m—>x—%+a1A1+a’1A’1+7{A’2+ﬁ1P+ﬂ{P’,
\/g ! I ! ! / /
y—>y+7+a2A1+a2A1+72A2+/6’2P+ﬁ2P )
@ A LAl I A ! D/

Pe =Pz —n{ 5 +ag Ay + ag A} + YAy + BoP + By P )

Dy —>py+n(—; + a1 Ay + o) A} "‘%Alz"‘ﬂlp"‘ﬁipl) )

333
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transforms the Hamiltonian H to

1
H = (i +py)+nyp. —opy)
3
2y (5 + s+ oty 4o+ a3

vo =3+ ardi+ oty +oiay + P+ 5P ) |

2

n ﬁ / / ! !/ / / 2
ECRAEE + ag Ay + ab Ay + 7 A5 + B2 P + 3P

2
+ (— T 4oy Ayt ol AL+ A+ By P+ 5;p/> }

2
mq mo mq ma 3m2 \/g ’ mq ma _,
B Py [t A ey =
I R 7™ R Ve (y—i— 2 2t T + T2

Substituting the expansions of 7‘1_1, 7“2_1, 7"1_3, 1"2_3, 7"1_5 and r2_5 in power series of x and vy,
o0
we obtain H = Y Hj, where Hy = the sum of the terms of kth degree homogenous in

k=0
variables x,y, pz, py-

Now
Hy = —Lo,
H, = 0,
1
Hy = (07 +p)) +nlyps — wpy) + Ba® + Fy® + 2Gay,
H3 = —L3 and H4 = —L4,
where
1 / / / 1
E = {2301+ 47)41 = 3(1 = dy) A} + 714y — (1= 37)P
1
—=(1+3v)P,
8
1 1 1
F = —1—6(10 +21A1 + 21A47) + v1945 + g(1 —3y)P+ g(1 +37) P,
V3 2 2
G = ?{67 + oAy + aby AL} + Y50 AS + g(—3 +7)P+ 3(3 +7)P.

To investigate the stability of motion as in Whittaker (1965), we consider the following
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set of linear equations in the variables z and y:

OH,
—Apy, = o 2Ex + Gy — npy,
OH.
—-Apy = —2:2Fy—|—Gx—|—np$,
Ay
OH.
Az = 2 = P + 1Y,
Opa
0H,
Ay = —= =p, —nax, 2.3
apy Yy ( )
ie. AX =0,
where
2E G A—n T
| G 2F n A |y
A= -\ n 1 0|’ X = De
-n —A 0 1 Dy

The Equations (2.3) will have a non zero solution if and only if det(A) = 0, which implies
that

M42X2(E+F+n)+EF -G?*—2n*(E+F)+n* =0,
or
16" + \2{8(2 — 3yA; + 3yA}) — 48(1 — )AL} +9(1 — ) (3 + 134, + 134})
+%5(7—47—372)14’2+6(1—72)(P—|—P’) =0. (2.4)
The characteristic Equation (2.4) is quadratic in A\? whose discriminant is given by
Disc = {8(2 — 3vA; +3vA}) — 48(1 — )AL }? — 64{9(1 — +?)
X (34 134, + 1347) + %(7 — 4y -3y AL —6(1 —~*)(P+P)}. (25)

Dics = 0, if
2 / 135 / / ! !
V(27 + 117A; + 117A] + 4 A2+ 6P+ 6P )+ (=124 + 1247 + 69A%)
411
+(—23 - 1174, — 1174] — TA’2 —6P—6P)=0
or

v = 0.9229582...+0.5700037... A; +0.1255592. .. A}
+0.2069804 ... A + 0.0178348 ... (P + P')



336 Rajiv Aggarwal et al.

Asy=1-2u,
uo = o —0.2850024; — 0.06278 A} — 0.10349 A5 — 0.00891747(P + P')
= o (say),
where 1, = 0.0385208965. . ..

Stability is assured only when discriminant of the Equation (2.4) is greater than zero,
implies that

B < fieo-

When the discriminant of the Equation (2.4) is positive, let its roots be +iw; and +iws,
wp and wy being the long and short periodic frequencies and are related to each other as

3 3
witws = 1- §7A1 + §7A'1 —-3(1—7)A,, (2.6a)
9 5
wiwi = G (1 —92)(3+13A; +1347) + 17—y - 37?) A
2
+§(1 — %) (P +P')} (2.6b)

(O<w2<%<w1<l).
For the resonance case w; = 2wy using (2.6a) and (2.6b) the value of p. is

fa = 0.0242939 — 0.17907278 A1 — 0.36851A4} — 0.059684)
—0.005536495(P + P')

and for the resonance case wy; = 3wy the value of o is
ez = 0.013516 — 0.09938302A4; — 0.0193&4’1 — 0.0309314/2
—0.003045283(P + P').
3. Determination of the normal co-ordinates

We follow the method of Whittaker (1965) to determine the normal co-ordinates. Apply-
ing the transformation (z,y, pz, py) — (q1, 45, P}, P5) given by

X=JT,
where
x a
!
x= Y|, T=|%],
Dz P1
Dy p/Q

J is the square matrix given by
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And J;; are given in Appendix A, obtained by the procedure adopted by Sanjay et al
(2000).

The Hamiltonian H reduces to

]_ i ! i !’ © ’ !’ ’ 7
H=o(pf —pf +0ie’ —wde)) + Y hesausimnti™ ™01 05 (3.1)
a+(6=3
a=aitaz

B=PB1+pP2
Here coefficients hq,a,3,3, upto order four are given in Appendix B.
We shall now perform the following complex canonical transformation

/! /!

(qllaqgapll,p;) ((h’q/Q/’pl?p?)

ie.
1 1 1
A 1! /4 / . 1 /!
= = —pY, = —jw ,
q1 2(]1 + o1 D1 P1 5 191 + 131
1 1 1
A 1 -1 / . 1 /!
= —— —ipl, = ——jw )
g 522 + o Do Do 5 w2d2 + P2
The Hamiltonian H given by (3.1) reduces to
H = iw1¢)p} +iwaghphy + Z h’alazﬁlﬁzqgmq'2’0‘2p"51p”52 (3.2)
a+£=3
a=ai+az
B=p1+pP2

where
hlaloézﬁlﬁz = ZTajasBife T WarasBipe

Tayasppe ANd Yaia,8,8, (Of order three) in terms of A are given in Appendix C.

ajazfB1B2
"o e

Now, we shall use the Birkhoft’s transformation (1927) (¢f, ¢5, 01, p5) — (q{’, 4y, v}’ py")
defined by the generating function

111

S =q'p!" + 5Py + Ss+ Sa,

where
¢ = aif,, =q/ 35:,3, gs,j*,, (i=1,2). (Szebehely 1967)
Putting these values in (3.2) and letting the new Hamiltonian to H’, we shall have
H(d!,q3,p1,p5) = ( 1,45, P + 33,/ + ZSW py + gSf’; + gj;) % + %
= H'(q\",q",pY",15")

+

0S5 8BS 9Ss  8S
H ’( U+ (9p'?’ + 6p,ﬁ7qé" + 6p'i 8p,f,,p'1”,p’2”>
1 1 2 2
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Expanding by Taylor’s and equating the terms of same degree on both sides, we get

Hy(qi, a5, 01", p5") = Ha(q . a5, 07, 05), (3.3a)

( 0S5 OH, 0S5 OH),

o og T+ 3q</3pm>+H3(q'{7 a5, P1",p5') = Hy(qy, 4. pi", py'),(3.3b)
3 (2 K3 K3

— _|_ PR —
8pl'// aq;/ aq;/ apg//

2

< 8Sy OH, S, 8H2>
T 4

ﬁ. @A
i Mw i Mm
=N [

(3.3¢)

2
0Ss OHy 9S4 O,

:K4_H4+H4/1+Z(_ 7 A T o 7R
P 0q)' Op; opl" 0q;

where K4 = The terms other than the homogeneous in ¢;p; and gaps.

Since the variations g; and p; are small, so by implicit function theorem we may use g’

a8 aS '
in place of ¢/ and p} in (3.3). Also 87153 =0 and —= = 0 since our system is

ot

!

and p/

autonomous.

3(a) Hamiltonian Hj3 in the resonance case w; = 2ws

Now by taking

H3 - Z h/041a25152q/1/la1ql2”a2p,1//ﬁlp/2”ﬁ27 (34)

a+pB=3
a=ai+taz

B=P1+82

S3 0= ) Gmaammd! 6Py 0, (3.5)

a+B=3
a=aj+az

B=PB1+P2

and putting the values of Hy and H), S3 and Hjs from (3.2), (3.3a), (3.4) and (3.5) in
(3.3b) we have

Hé = Z [iga1azﬁ1ﬁ2 {wl (al - 51) + wQ(a2 - 62)} + hlala26162]
a+pB=3
a=ai+az
B=B1+P2

Moy Moo M1B1, 1132
Xqy 4y TP P2
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or

Hy = Z [i9ar a2 {w1 (@1 — B1) 4+ walaa — Ba)} + Ry 06
a+pB=3

(a1,02,01,82)€R1
Moy Mo 1131 11535

Xqy "Gy "P1 P2

+ > 1901028 8. Aw1 (@1 = B1) +wa(a2 — B2)} + iy 0,8,

a+p5=3
a=ai+az
B=B1+P2
(a1,a2,081,82)EN Ry
% q/l//al qé//a2p/1//61p/2//,82’ (36)

where R; = set of combination of /s and /s corresponding to the resonance case wy =
2&)2

ie.
Ri={(ac1=1,00=0,81=0,62=2), (a1 =0,0=2,01=1,6=0)}

and NR; = set of combination of /s and (/s corresponding to the non resonance case

NRl = {(a15a2a617ﬂ2)|a1 + a2 +ﬂ1 +62 = 3,(0[1,0&2,61,52) ¢ Rl}

We choose values of ga,a,8,8, It such a way that all the terms of second ) of R.H.S of
(3.6) are zero. Thus, we have

1o onr Bofwi (@1 — B1) +wa(aa — B2)} + Py oy, =0
or

ih;1a26162 Yoy, oo ﬁl 62
wi (a1 — B1) + walag — F2) ey

such that ay + as + 01 + B2 = 3 and (a1, @2, 01,02) ¢ Ry .

Jarazp1B2 =

Substituting the values of ga,a.8,8, it (3.6), we have
H = 0020105 + hiyraods P, (3.7)

where

-1 2
. . w1 w2
hlloog = 21002 + Y1002, h621o = (y1002 + m1002) <—2) (2) .

Note. (a3 — 1)w1 + (a2 — B2)wz = 0 when (a1, 51, a2, 82) € Ry.
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3(b) Hamiltonian Hj in the resonance case w; = 3w,

Now by taking

_ ! Moy Mo 1131 113
Hy = Z halazﬁlﬁqu 42 "P1 P2
a+p=4
a=ai+az

B=p1+pB2

and

— Moy Mo, 11181, 11182

Sy = E: Joraspipadl G2 P1 D2
a+pB=4
a=ai+oz

B=PB1+pP2

the L.H.S. of (3.3)

2

05y OH, S, aHQ)

= S (oo Rt A ) Ky
P ( ap;// aq;/ aq:/ ap/f/

7
= Z {igaﬂmﬂlfb {wl (al - ﬁl) +ws (a2 - /62)}61/1”&1 QQHa2p/1,/ﬁlp/2//ﬁ2

a+pB=4
a=ai+taz

B=pB1+p2

fN M
a+p=4
a=a1+oar
B=p1+P2

(a1,02,01,02)¢HT

= > (19000 {wr (a1 = B1) + walaz — B2)} + g, 0,8,,]

a+p=4

a=aitaz

B=PB1+P2
(a1,a2,81,682)¢HT

Moy Mo M1B1, 111382
Xqr "4y "P1 P27

where
HT = Set of a}s and 3s corresponding to the terms homogeneous in ¢;p; and gaps
ie.

HT = {(c1=2,00=0,61=2,02=0),{(c1 =1L,ae=1,6=1,62=1),
(al :07a2 :2,61 :Oa/@2:2)}

and we note that (a3 — B1)w; + (@2 — B2)wz = 0 when (a1, 51, a,02) € HT.
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The L.H.S. of (3.3) becomes

Z [i9a;asp: o iwi (1 — B1) + wa(as — Ba2)} + h’alazﬁlﬁz]qi”alqé"”p’l"ﬁlp'z"ﬁz
a+pG=4
a=o1+az
B=p1+p2

(a1,a2,81,82)EN R2

Moy Mg 11131 11152
P1 Do

+ > [iGar oAW1 (1 — B1) +walaa — Ba)} + iy, anp, 5,100 " 0
a+p=3

(a1,02,01,82)€R2

= Z [igaloczﬁl[b {wl (a1 = B1) +wa(az — ﬂQ)} + h!l1012ﬁ1ﬁ2]
a+pG=4

a=oa1+as
B=pB1+p2
(a1,a2,81,02)EN R2

3 3
X qiﬂalqglml’lf/ﬁlplzﬁﬁz + hioo3di Py 4 hozi092” P (3.8)
where

Ry = set of combination of s and 3.s corresponding to

the resonance case w; = 3ws.

ie.
Ry={(c1 =1,02=0,81=0,82 =3),(1 = 0,02 =3,61 = 1,6, =0)}
and
NR; = set of combination of os and js corresponding to
the non resonance case
ie

NR2 = {(alaa27ﬂlaﬂ2)‘al + g + 61 + ﬂ? = 37 (011,042,61,,62) ¢ R27HT}
Note. (a1 — f1)w1 + (a2 — f2)ws = 0 when (a1, 81, @2, B2) € Rs.

We choose values of gq,a,3; 8, such that all the coefficients in (3.8) are zero. Thus,

o anpspa w1 (@1 — B1) + wa(aa — B2)} + Iy, ap5,8, = 0

or )
ihOé101251,32

vV ay,az, b1, B2
wi(ar — B1) +walaz — Ba2)

such that oy + aa + 01 + B2 =4 and (a1, az, 01, 52) ¢ Ra, HT.

Jarazpi1B2 =
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Substituting the value of go,a,8,8, i (3.8) , the L.H.S of (3.3) becomes

", 13 ! m3 1

P1003q1 ' Py" + hosi0qs P (3.9)

Simplifying R.H.S. of (3.3) and using (3.9) we have

H,=D+Q, (3.10)
Where
D — _C2Oq1//2p&”2 _"_ Cl]_qi”p&”qé//pg/ _ Co2q/2//2p/2//2,
3 3
Q = lioosa!"Py" + losiopT s
3“’% 2 2 3. 5 2 1 5 2
c0 = —higa — 3 (T6030 + Yo030) — 5(951020 + Y1020) + 5(131011 + Y1011)
2 2
wi 2 2 wiwa 2 2
T %0 (21 —wn) (Zo120 + Yo120) + m(l’oozl + Yo021):
2w? wiw
’ 1 2 2 2W1 2 2
= _ = (z — —  (x
11 nn T o 2w2)( 1002 t Y1o02) + 2(2e0n +w1)( 0012 + Yoo12)
2 2
wiwsa 2 2 2wy 2 2
T 202w + o) (021 + Yoo21) — w2 (201 —w2) (%0120 + Yo120)
4
+2(zo111%1020 + Yo111¥1020) — J($0201$1011 + Y1011Y0201)
2
3w3 6 1 9
co2 = hoge — = (3003 + Yooo3) + p(x(z)zm + Yg201) — 5(1"(2)111 + Yo111)
2
2 2
_L(I%OOQ + y3002) — %(1’3012 + Yg012)»
2w (w1 — 2ws) 8(w1 + 2ws)
3 3 1
/ 2
2 hooto — —haooo — =haos0,
2020 5«1 0040 2.2 4000 — 5h2020
1 w1 %)
111 = wiwahgoze — ho220 + —ho220 + — haoo2,
wi1w2 w2 w1
‘ e 2 hosos — = h + L,
0202 = 5@2h0004 52 0400 + 5 ho202,

l1003 = 1003 + Y1003,
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)
l — ; —vi
0310 = (561003 - Z311003) s
12
1
1003 — U1003 — B(I0120I0012 + y0120170012) - ;(x1002y1011 + 171011y1002)
2
4
+§($1002$0201 + Y1002Y0201) + 5(330003900111 + Yo003Yo111),
2
1
Y1003 = V1003 — 5(330120240012 - 90120$0012) - w*(ymozylon - $1011$1002)
2
4 3
+§(y1002$0201 - 1‘10021/0201) + §(y0003$0111 - $0003y0111),
2
1 1 1 w1
uipos = swihoo1s + 5—5h1s00 — 5—h1102 — 55 ho211,
2 2ws 2wo 2w3
w1 1 1 w1
v1003 = —z—ho112 — h1003 + 5—h1201 + ;5 ho310-
2wo 2 2wy 2ws

4(a) Stability in the resonance case w; = 2w-

In the last section we have seen that the normalized form of the Hamiltonian in this case
can be written as

", 1 1" _12 / m2 1

H = iw1q)"p)" +iw2qy'py’ + Piooedi Py~ + ho2i0ds P (4.1)

We shall now apply Markeev’s theorem(1978). For this we shall perform the following
canonical transformation

1 . . 1 .. N
Qf/ = ——(q1 —ip1), qé" = \/7—2(“12 — P2) (4.2)

VW1
and then by another transformation
G; = +/2rjsin(¢; —0;),  pj = /2rjcos(d; —0;), (1 =1,2), (4.3)
where 65 = 0 and 6, is given by the relations

L1002

2 2 ’
V T1002 T Y1002

Y1002
2 2 !
VvV T1002 T Y1002

The Hamiltonian (4.1) reduces to

sinf; = cosf; =

H = 2wory — wary — rg\/ﬁ\/(m21002 + Y2000 )wa sin(py + 2¢2) + o((r1 +72)?)
It is known by Markeev’s theorem that if

2 2
1002 + Y1002 7 0,
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then the libration point will be unstable and if
23002 + Yiooz = 0 and  cz0 + 2¢11 + 4ego # 0,

then the libration point will be Liapunov stable.

For the resonance case w; = 2wy, we have

2000 + UP00s = 410802468 + 12.756443787A; + 19.4955166.4)
—139.44377 AL + 2.24793085P + 140.2725166P" .

We have found that for no values of Ay, A}, AL, P and P’,
23002 + Yio02 = 0-

Thus the libration point L, is always unstable.

Note. For the classical case when 4; = A} = A, = P = P’ =0, we obtain
23009 + Yiooa = 4.10802468 £ 0,

implies L4 is unstable which agrees with Markeev’s result.

4(b) Stability in the resonance case w; = 3w,

In section 3(b) we have seen that the normalized form of the Hamiltonian in this case
can be written as:

"2, 12 "o e 1 "2, 112

P+ iwady py — oo + c11d p @' Py — coaqy vl

", 13 "3, 1

+ 1100391 P2 + 031092 P71 -

"

H = iwq

If

2 2
T1003 t Y1003 7# 0,

then performing the transformation (4.2) and (4.3) (taking 1903 and yio03 in place of
21002 and Y1002 respectively), the Hamiltonian (4.4) reduces to the form

2 2
H = 3(4}27"1 — WwaT2 + C2071 +c11r17r + Cp2T9o

1 . 5
+§w2T2\/T1T2\/ 3(23003 + Yioos) sin(ér + 3¢2) + o(r +12)2.
a = lezo +3ern + 9coel] and  d = [3wa /%05 + 03]

then by Markeev’s theorem, the libration point will be unstable if a < d and will be stable
if @ > d. When d = 0, the motion will be obviously stable.

If we write
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For the resonance case wi; = 3wy, we have

a = |—4.17054 — 37.23732A; — 51.424659 A + 5654.354078 A},
+1227.28554P + 4196.2211 P,

|23.2826 + 87.7002A4; + 114.604124 A — 2068.50633 A5
—318.84952P + 446.8862P'| .

Q.
|

We have observed that for different values of A, A}, AL, P and P’, we may have a < d
or a > d . For example

(i) when A; = 0.0001, A} = 0.0001, A, = 0.0001, P = 0.0001 and P’ = 0.0001,
a = 3.0742619, d = 23.11036, (i.e. a < d).
(ii) when A; = 0.0001, A} = 0.0001, A, = 0.004, P = 0.0001 and P’ = 0.0001,

a = 18.28934, d = 15.29533. (i.e. a > d)

Thus we see that the libration point L4 is unstable in case (i) and stable in case (ii).
Therefore libration point L4 will be stable or unstable depending upon the values of Ay,
A}, A, P and P’. For the classical case, when A; = A} = A, = P = P/ = 0, we obtain
a = 4.17054 and d = 23.2826 implying L, is unstable which agrees with Markeev’s result.

5. Conclusion

We have studied the non-linear stability of L4 in the restricted three body problem with
the resonance cases w; = 2ws and w; = 3ws, when the bigger primary is an oblate body
and the smaller a triaxial body and both are sources of radiation. We have found that
the libration point L4 is always unstable in the resonance case w; = 2wy and in the case
of w1 = 3we, Ly will be stable or unstable depending upon the values of the parameters
Ay, A, A, P and P'.
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J22
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Ja3
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Appendix A

j12 =0,
{1+ a1 Ay + oy A] + 751 A5 + B P+ (3 P'},

2&)1 kl
lo
2&)2]{7

{1+ oAy + abp A + Y90 A + oo P + [y P'},

7 k1 {1 + g3 Ay + aigg A} + Y3 Ay + BozP + 53 P'},

4w
Ioks 2 ——{1 + o4 Ay + A + Vo4 A + BoaP + [y, P'},

3v3y
2w1l1k1

3v3y
2¢<J2l2]€2

—wimy 1Al / 8719 8019
1 A A — P
211]61 { +azrdy+ @274 + (7 mi ) <ﬁ23 mi

<623 8 119)13'}7

WMo S’V 86 9
T {1+a28A1+a28A + <724 m19> (524_ 11 )P

+ (93— o)),

3 3 .
— <1 + £A1 + 414/1)]23’

{14 a5 A1 + abhs AL + Vo5 Ay + Pas P + PasP'},

{1+ a6 A1 + Al + vigAh + Bac P + B P},

3 3
—(1+-4 —Al g
( +4 1+4 1).7247

2.
—WwiJ23,
2.
Wy J24,
ny

871 8519
1 A A/ o 19 _ P
20)111]{11 { +od+ a29 < 23 n1 ﬁ23 ni
8 /
+<ﬂé3 ﬂlQ)Pl}’
n

No 8 8
{1 + azo Al + ag Al + (724 Zig) (ﬁ24 — ﬁlg)P

2&)212 kQ ni

+(o - o)l




where

Non-linear stability of La in the restricted three body problem

ll = \/94’0]%,
ny =9 — 4w?,
m; =1+ 4w%,
kl = \/2&)% — ].,
1 2
az = —(13+4v + 3v?),
16
Q5 = (4+37)a
13 = (2854’2007),
Q14 = (754 + 53’}/),
Q15 = (4054—3407),
o1 = (18 + 71’)/),

azo = (6 +137),

ap = (2333
A\ Tz )

o 3 33
2o \ak2 Tz )
qon— (33 33
Bo\a a2 a2 )

lr = /9 +u3,
ng =9 — 4w3,
mo = 1 + 4w,
by = /27 T,

af = %6(13 — 4y +39%),
ay = (—4+37)4A],

a5 = (285 — 2007),

o, = (54 +537),

a5 = (405 — 3407),

0/16 = (_18 + 717)a

0/20 = (_6 + 137)a

3y 33
- L -
am‘@%+49’

by = =3, 33

22 4k3 43 )’

a.— (23 33
B\4 0 4R2 42 )

a, = (3 3 _3
#\4 4Kz 43 )

ol — —6+13y 3y 33
2 6y 4k A
a, - (2013 3y 33
2 67 4k 413

)
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= (23 33
T \om, a2 w2 )
g = (230 33
7 \om, " ak2 w2)
gy — (2433 3 33
#7\a Ty a2 az)
qan — (3233 3 33
07 \d T on, ARz w2 )

azz = (43 +607),
asz = (22 + 657),
azq = 23,

ass = (285 + 2007),
aze = (—H4 + 537),
a7 = (405 4 3407),

azg = (18 + Tly),

39 — 65,
4
/821 = 152195
1
4
/822 = 152195
2
4
/823 = %a
1
4
ﬂ24 = %a
2
Bys — 4519 | Pao
25 l% 6’Y ’
B — 4519 | Pao
26 l% 6’}’ )

Ba1 = %(4+7)7

, 3y 33

Qs =5~ " g2 42 )
2my  4k3 A3

abe = §+ﬁ+3i_§

27\4  2ng 4R 4B )

wo (3,33 3 3

07 \4 T 2ny 4K 43)

oy, = (285 — 2007),
ag6 = (54 + 537)7
ayy = (405 — 3407),

ahg = (=18 + T17),

0y = 65,
4819
ﬂél = - l% )
48319
652 = - l% )
431
6&3 = 12197
1
431
ﬂé4 = l2197
2
8. = 419 Pao
5 13 6y’
8, = 4Be B
672 6y’

4
6&1 = g(_4 +’Y)v
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—4 —4
B3z = *( 8+ 217), Bio = *( 8 —21y),
B3z = (2 +37), By = g(—Q +37),
—4 —4
B34 = (2 - 9v), Byy = (2 +9v),
B35 = *( 87 + 113y), Bys = *( 87 — 113y),
2 o2
Ba6 = 5(63 - ’V)v 636 = g(_63 - 'Y)a
Byr = (111 —1697), By = (111 +1697),
2 2
B3s = (21 +57), Bsg = g(*Ql +57),
2 o2
P39 = g(—29 +917), B9 = g(*Qg —917),
9 7+ 157
r_ 21 —
7= 161, %= T
, (15 4+ 77)
V5 = _177
+

(15 47 1-7

_{87 15 117+3}

147 T a—p

1 15 3+1ly
/— p— — S

15 1
/! __ 7 T -
435 1
- — (41 —
764 2y (41 4 457)
71 2 2(1 ) )
()
M2 =57+ (1+457)
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1
Vi = 4{1485 — 40257 + (285 — 1157)},

_2

(1—p)

iy = — L 5674 2015 + — 2 (—171 — 437)
14 4 (1 _ /1/) )

1 2
1s = —1 2325 — 5665 — (345 — 215
715 4{ 7+(1_u)( ’7)}7

{—147+1117+ (69—&-377)}7

2
(1—p)

| =

o
Y16 =

1

Vi = 4{175 — 12357 + (55 — 1857)},

_2
(1—p)

3 2
ls = ——115—47 — (1 =7
718 64{ v+ (17u)( 7)},

3 2
Vig = 64{1 — 157 — m(3+ 11’7)},

1 2
by = ——=487— 15y — ——(3+11
Y20 4{ Y (1—/~L)( + 7)},
;=31 —7) Ay
T T T
"y = 31—-7) 4
212 2
, _ =301 =) | 4
[ T B
31—7) ,
Vou= "G+
2 2k3 13
—3(1—7) , M9 | Y20
/ — =2
T T T Ty
31—7) , Mo | a0
Voo = =g+ e+
26 243 3 6y
) 15
Yo =-T— 57+ m(?ﬂ +257),
435 1
Ts2 =T5— =7+ m(‘ﬂ - 5),



Yo = ~T6+ 2y + S+ 45).
ot = 51+ gy L+ 457).
Vi = S(1485 — 4025y + —2— (285 — 1157)),
4 (1= p)
Vi = S(567 = 2917 + —2— (171 + 43y)),
4 (1—p)
S 2
Ty = (2325 = 5663y + =5 (345 ~ 2157))
1 2
Vi = —1(147 — 111y + (1_7#)(_69 —377)),
Vi = —2(175 — 1235y + ——— (55 — 1857)),
4 (1—p)

Appendix B

The coefficients hg,q,8,8, (upto order four) are given by

h3000

hozoo

hooso

hooos

h1200

h1o20

h1002

ha100

ha2010

V3 3

372 21f147
V3 3

372 22f147
V3

32

V3

32 32

. 1 V3 ., V3 o,
§J24f14 + @]ﬁfll + §J%4JQ4JC11 + ﬁ]%&h&fll -

RIVE

g]m]nglzu

ED) fg]mfu - E113321J23f13 + 3TJ21]§3f147
372]%4721][12 - EJ14321]24f13 + 372]21]224f147
3V3 ,

@]21.722]‘114’

-3, . 3V3 o
5]13]311014 + 372]221323f14,

. I V3 o . V3 .,
29 g3f14 + 3*2.7{)31011 + *3123;723]011 + f]123.723f11 -
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32

32

1373313

J1ad33f14

351



352

haoo1

ho120

hoio2

hoo12

hoo21

hii1o

hito1

thll

h0111

ho210

ho201

hooao

h4000

hoo22
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-3
32 ]14]21f14 + ) 321]24]0147
V3 3 3V3 .,
) J13]22f12 - T6]13J22J23f13 + 39 —J22J33 f14,
V3

3 3V3. .,
32]14322f12 T6j14]22323f13+ 32 322J24f14,

3., V3 V3. . 3. .

32313]14f11 + ( 16 Jisj1ajea f13 + 39 -5 J13724 + 16]14]24]23 fi3
3V3 . .

t5g 23734 f145

V3 V3 ., 3
< 16 J14j13J23 + 3 ]13]24) fi2 + 32]13J14f11

123]24f14,

3 3., 3V3
<16313]23J24 + 32314323> fiz + 32

3 f +3 3. .. f
16]13]21]22 13 16 J21J22J23J)14,

3 W3,
—EJ14J21]22f13 + 16 ———Jo1J22724 f14,

3 3. . .
—J14j21J23 + —J21J13524 | f13,

16 16
V3. 3V3. .
+T6313J14321f12 + T6321J23]24f14

V3 3 3V3
T6]13J14J22f12 - E(]13J22J24 + J1aj22J23) fis + T6J22,723]24f147

-3 . . 3V3 4
g]lzjggfw +355 s Jaad2s f1a,
-3 . . 3V3 4
5]14]%2]”13 + 3 = jadoafia,
1 . 3 . 3
ﬁﬁs(m + for) — @\/515’3323(307&8) 128313]23(82 + f29)
5 L 3
+*\/§l713]§3(187 + f30) — 256‘723(2 + f31),
3
2
256( + f&l)]le
3 5v3
——J14dis (T4 + for) — —— (jrajisdoa + Jiadrsias) (307 + fas)
128 64
128 ——(J13054 + Jiadas + 4d1351423524) (82 + fa0)
15V3, o . 9 . . 9
+———(J14J33)24 + J3ad13523) (187 + f30) — —524933(2 + f31),

64 128
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9
hasoo = 128( + f31)732051
3 5 15v/3 , 9 .
hos2o = —m3222ﬁ3(82 + fag) + o4 ———= j32513423(18Y + f30) — 128‘732]223(2 + f31),
3 5 . 15v/3 , 9 .
hoooe = —mﬁﬂﬁ@? + fa9) + 1 = j31 14524 (18y + f30) — 128]31]224(2 + f31),
1 5 3
h = 4 12,7 h 2
0004 256]14(7 + for) — 192 ——/353,324(307 + fog) — 128]14 4(82 + fa9)
.. 3
+6*4\/§J14]§4(187 + f30) — 256]24(2 + f31),
3 .
hosoo = *ﬁﬁz@ + f31),
5V3 ,
ho2o2 = 128]22]14(82 + foo) + o4 3y 1424 (187 + f30) — 128]21]24(2 + f31),
1 5v/3
hoo1s = 64314313(74 + far) — 192 == (jiad2s + 3itad13d24) (307 + fos)
3, . .2 .. .9 3. 2 . .3 .
—@(J23324314 + J13J14724) (82 + f29) + 67(3314124923 + J34J13) (187 + f30)
3
64324J23(2 + fa1),
3 5.
hizeo = —a322j21(2 + fa1),
3, V3.
hiio2 = *6*4]22]21]14(82 + fo0) + 3TJ22]21]14]24(187 + f30)
9 . . 5
*6*4]22]21]24(2 + f31),
3. . 5 3
ho2i1 = _GZJ14]13J22(82 + fag) + 3 ———(j1aj23 + J13J24732) (187 + f30)
9 . 5
—@323]24122(2 + f31),
53 3, . S
horia = 192 ——(jiados + 3j14d13724) (307 + fas) — 6l ~— (josdoadia + J13714554) (82 + fao)
15v/3 9 o . .
+— 64 (2j14j2252423 + J34d22413) (187 + fs0) — 62]%4]22]23(2 + f31),
3 o . .
hioos = 192 \[J14J21(307 + fas) — 641124324J21(82 + fa9)
. 3. .
+a\/§J21114J§4(187 + f30) — ahugﬁ(? + fa1),
15v3 , 9 5, . .
hizo1 = o 5114 (187 + f30) — 64352321]24(2 + f51),

5V3 4 3 5.
hosio = 67]32]13(187 + f30) — 674‘732‘723(2 + f31)
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where

for = (4y+az Ay +ag A+ 95,45 + B3 P + B, P'),
faz = (64 azdi +asp A} + 75045 + B2 P + B3, P'),
fazs = (14y 4 aszA; + oz A} + v33A2 + v3345 + B33P + B33 P'),
fsa = (6+assAr + asg A + V5, AL + Bsa P + 35, P'),
fas = (assAy+ as5A) + 3545 + B35 P + B35 P'),
fzs = (azeAr + azsA] + 13645 + B3P + 36 FP'),
far = (asrAi + ab; AL + 5, AL + Bs7 P + B35 P'),
fas = (assAy+ azgA] + 13345 + B3P + B3 P'),
( )

f39 39 A1 + azg Al + 739 A5 + B39 P + B39 P'),

and «a;’s and (3;’s are given in Appendix A.

Appendix C

The coefficients T, .88, a1d Ya,a,8,8, (upto order three) are given by

-1 1 haoo1 1 hi110
Toi2o0 = —5hoo2iwe + 55 w2+ 5 ;
2 2 w; 2 wp
—1 hion 1 ha100
hoi2o = — w2+ s —5— — hoi2o,
2w 2 wi 2
hot11 hi2o0  hi1200 2
Yoo12 = — + wy ,
w2 w1 w1
_ hito1 . ho210
ootz = —hoo12 — 5
wiwa w5
1 hior |, 1he2o
Y1002 = = + = 2 w1—*h0012w17
2 w2 2 w3
~ lhon 1 1 hi200
Z1002 = 5 w1 — 5 hi1002 3
2 woy 2 2 w5
~ —hao01
Ti011 = T_h0021w17
1
hot2o  ha10o
Y1011 = —— + wa ,
w2 w1
3 hozoo
To201 = — — —hp102w2 ,

40(]2 4
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1
2
Yo201 = ——ho201 + —hooosws ,
4 4
~ hozoo  hoto2
Toooz = 3 — ;
Wy w2
ho201 L
Yooos = 5 — 10003 ,
wy
hi1200 | h1oo2
Toi11 = + w2,
Wiw2 w1
_ ho210
Yoi11 = —Rooi2w2 — )
w2
hao10
Too3o = ———5 + hooso,
wi
~ h3ooo | hio20
Yoozo = ——3 T+ )
w1 w1
- _ lh 3 N3000
1020 = —zhigeo— s—=5—
2 2 w?’
3 1 hao10
Y1020 = zhoosowr + 5 )
2 2 w1
~ hoi2o hoioo hiour
Zoo21 = - 2 - )
wo (wiws) w1
haoo1 | hi110
Yoozt = hoo21 — 2 w2,

wq w1

the remaining ten coefficient are given by the formula
l o w1 a1—pF1 Ws as—0Bs
arazfify T (xala2ﬁ1ﬁ2 + yala2[3152) DY 2 .
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